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Abstract 



A Lie algebroid over a manifold is a vector bundle over that manifold 

whose properties are very similar to those of a tangent bundle. Its dual 

bundle has properties very similar to those of a cotangent bundle: in 

the graded algebra of sections of its external powers, one can define an 

operator ds similar to the exterior derivative. We present in this paper 

the theory of Lie derivatives, Schouten-Nijenhuis brackets and exterior 

rn ■ derivatives in the general setting of a Lie algebroid, its dual bundle and 

/^ ' their exterior powers. All the results (which, for their most part, are 

'""J , already known) are given with detailed proofs. In the final sections, the 

^ ■ results are applied to Poisson manifolds. 
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I^ : 1 Introduction 

(N 



Lie groupoids and Lie algebroids were introduced in symplectic geometry by 
A. Weinstein [571 H] and, independently, M. Karasev [S], in view of the symplec- 
Jq ' tization of Poisson manifolds and applications to quantization. They are now 

f^ , an active domain of research, with applications in various parts of mathematics 

[28l m HI] . More specifically. Lie algebroids have applications in Mechanics [15] 
and provide a very natural setting in which one can develop the theory of differ- 
ential operators such as the exterior derivative of forms and the Lie derivative 
with respect to a vector field. In such a setting, slightly more general than that 
of the tangent and cotangent bundles to a smooth manifold and their exterior 
powers, the theory of Lie derivatives extends, in a very natural way, into the the- 
ory of the Schouten-Nijenhuis bracket (first introduced in differential geometry 
by J. A. Schouten "M] and developed by A. Nijenhuis '55'). Other bidifferential 
operators such as the bracket of exterior forms on a Poisson manifold, first dis- 
covered for Pfaff forms by F. Magri and C. Morosi [21] and extended to forms 
of all degrees by J.-L. Koszul [13 appear in such a setting as very natural: they 
are Schouten-Nijenhuis brackets for the Lie algebroid structure of the cotangent 
bundle to a Poisson manifold. 

We present in this paper the theory of Lie derivatives, Schouten-Nijenhuis 
brackets and exterior derivatives in the general setting of a Lie algebroid, its 



dual bundle and their exterior powers. All the results (which, for their most 
part, are already known) are given with detailed proofs. Most of these proofs 
are the same as the classical ones (when the Lie algebroid is the tangent bundle 
to a smooth manifold); a few ones are slightly more complicated, because the 
algebra of sections of exterior powers of the dual of a Lie algebroid is not locally 
generated by its elements of degree and their differentials (contrary to the 
algebra of exterior differential forms on a manifold). In the final section, the 
results are applied to Poisson manifolds. 

2 Lie algebroids 

The concept of a Lie algebroid was first introduced by J. Pradines [53] i in 
relation with Lie groupoids. 

2.1 Definition and examples 

A Lie algebroid over a manifold is a vector bundle based on that manifold, whose 
properties are very similar to those of the tangent bundle. Let us give its formal 
definition. 

2.1.1 Definition. Let M be a smooth manifold and {E,t,M) be a vector 
bundle with base M . A Lie algebroid structure on that bundle is the structure 
dehned by the following data: 

— a composition law (si, S2) i— > {si, S2} on the space T{t) of smooth sections of 

that bundle, for which r(r) becomes a Lie algebra, 

— a smooth vector bundle map p : A ^ TM , where TM is the tangent bundle 

of M, which satisfies the following two properties: 

(i) the map s t—^ p o s is a Lie algebras homomorphism from the Lie 
algebra T{t) into the Lie algebra A^{M) of smooth vector fields on 

M; 

(ii) for every pair (si,S2) of smooth sections of t, and every smooth 
function / : M — > R, we have the Leibniz-type formula, 

{si,fs2} = f{si,S2} + {i{posi)df)s2. 

The vector bundle {E, r, M) equipped with its Lie algebroid structure will 
be called a Lie algebroid and denoted by {E,t, M, p); the composition law 
(si,S2) 1-^ {si,S2} will be called the bracket and the map p : E ^ TM the 
anchor of the Lie algebroid {E, r, M, p). 

2.1.2 Remarks. Let {E,t,M, p) be a Lie algebroid. 

(i) The Lie algebras homomorphisms s ^^ p o s and s t—^ ii{p o s). Since 
s I— > p o s is a Lie algebras homomorphism, we have, for every pair (si, S2) of 
smooth sections of r, 

[poSi,poS2] = po{si,S2} . 



For every smooth vector field X on M, let L{X) be the Lie derivative with re- 
spect to that vector field. We recall that L{X) is a derivation oi A = C°°{M, M), 
i.e., that for every pair {f,g) of smooth functions on M, 

ZiXXfg) ^ {LiX)f)g + f{LiX)g) . 

We recall also that X i-^ L{X) is a Lie algebras homomorphism from the Lie al- 
gebra A^ (M) of smooth vector fields on M, into the Lie algebra Der(C°° (M, R)) 
of derivations of C°° (M, R) , equipped with the commutator 

(Di, Da) ^ [Di,D2] =DioD2-D2oDi 

as composition law. 

The map s t-^ £j{p o s), obtained by composition of two Lie algebras ho- 
momorphisms, is a Lie algebras homomorphism, from the Lie algebra T{t) of 
smooth sections of the Lie algebroid {E, t, M, p), into the Lie algebra of deriva- 
tions of C°°(M,R). 

(ii) Leibniz-type formulae. According to Definition 2.1.1 we have, for any pair 
(si, S2) of smooth sections of r and any smooth function / on M, 

{si,.fs2} = ./{si, S2} + {i{p o si)df) S2 . 

As an easy consequence of the definition, we also have 

{/si, S2} = /{si, S2} - {i{p o S2)df) si . 

More generally, for any pair (si, S2) of smooth sections of r and any pair (/i, /a) 
of smooth functions on M, we have 

{/iSi,/2S2} ^ fif2{si,S2} + .fi{i{po si)df2)s2 - h{i{p O S2)dji) Si . 

Using the Lie derivative operators, that formula may also be written as 

{/lSl,/2S2} = flf2{si,S2} + .fl{li{pO Si)j2)s2 - l2{^{p ^ S2) fl) Si . 

Let us give some examples of Lie algebroids. 

2.1.3 Examples. 

(i) The tangent bundle. The tangent bundle (TM, tm, Af) of a smooth mani- 
fold M, equipped with the usual bracket of vector fields as composition law and 
with the identity map id^M as anchor, is a Lie algebroid. 

(ii) An involutive distribution. Let T^ be a smooth distribution on a smooth 
manifold M, i.e., a smooth vector subbundle of the tangent bundle TM. We 
assume that V is involutive, i.e., such that the space of its smooth sections is 
stable under the bracket operation. The vector bundle {V,tm\v,M), with the 
usual bracket of vector fields as composition law and with the canonical injection 
iv ■ V ^ TM as anchor, is a Lie algebroid. We have denoted by tm '■ TM -^ M 
the canonical projection of the tangent bundle and by tm\v its restriction to 
the subbundle V. 

(iii) A sheaf of Lie algebras. Let (E, r, M) be a vector bundle over the smooth 
manifold M and (zi, Z2) 1-^ [zi, Z2] be a smooth, skew-symmetric bilinear bundle 



map defined on the fibered product Exm E, with values in E, such that for each 
X € M , the fibre E^ = t~^(x), equipped with the bracket (zi, Z2) <—> [21, Z2], is a 
Lie algebra. We define the bracket of two smooth sections si and S2 of r as the 
section {si, S2} such that, for each x G M, {si, S2}{x) — [si(x), S2(x)] . For the 
anchor, we take the zero vector bundle map from E to TM. Then {E, r, M) is a 
Lie algebroid of particular type, called a sheaf of Lie algebras over the manifold 
M. 

(iv) A finite- dimensional Lie algebra. In particular, a finite-dimensional Lie 
algebra can be considered as a Lie algebroid over a base reduced to a single 
point, with the zero map as anchor. 

(v) The Lie algebroid of a Lie groupoid. To every Lie groupoid, there is an 
associated Lie algebroid, much like to every Lie group there is an associated Lie 
algebra. It is in that setting that Pradines ^23] introduced Lie algebroids for the 
first time. For more informations about Lie groupoids and their associated Lie 
algebroids, the reader is referred to [HI 01 [T] . 

2.2 Locality of the bracket 

We will prove that the value, at any point x G Af , of the bracket of two smooth 
sections si and S2 of the Lie algebroid {E, t, M, p), depends only on the jets of 
order 1 of si and S2 at x. We will need the following lemma. 

2.2.1 Lemma. Let {E,t, M, p) be a Lie algebroid, si : M ^ E a smooth 
section of t, and U an open subset of M on which Si vanishes. Then for any 
other smooth section S2 of t, {si, S2} vanishes on U. 

Proof: 

Let a; be a point in U. There exists a smooth function f : M —>■ M., whose support 
is contained in U such that f{x) = 1. The section fsi vanishes identically, since 
Si vanishes on U while / vanishes outside of U. Therefore, for any other smooth 
section S2 of r, 

= {f 31,82} = -{s2, fsi} = -f{s2, si} - {i{p o S2)df)si . 

So at X we have 

f{x){si,S2}{x) = (i{pos2)df){x)si{x) = 0. 

Since f{x) — 1, we obtain {si, S2}{x) — 0. D 

2.2.2 Proposition. Let {E,t,M, p) be a Lie algebroid. The value {s,s'}{x) 
of the bracket of two smooth sections s and s' of t, at a point x € M, depends 
only on the jets of order 1 of s and s' at x. Moreover, if s{x) = and s'{x) = 0, 
then {s,s'}{x) = 0. 

Proof: 

Let U be an open neighbourhood of x in AI on which there exists a local basis 
((Ti, . . . , (Tfe) of of smooth sectionsof t. For any point y G U, [ai{y), . . . , crk{y)) 
is a basis of the fibre Ey = r~^(y). Let si and S2 be two smooth sections of r. 
On the open subset U, these two sections can be expressed, in a unique way, as 

fc k 

1=1 j=l 



where the fi and gj are smooth functions on U . 

By Lemma 2.2.1, the values of {si, S2} in U depend only on the values of si 
and S2 in U. Therefore we have in U 

This expression proves that the value of {si, S2} at a; depends only on the fi{x), 
dfi{x), gj{x) and dgj{x), that means on the jets of order 1 of si and S2 at x. 

If si(x) = 0, we have, for all i £ {!,..., A:}, /i(a;) = 0, and similarly if 
S2ix) = 0, we have, for all j £ {!,..., /c}, gj{x) = 0. The above expression 
shows then that {si, S2}(x) =0. D 

3 Exterior powers of vector bundles 



We recall in this section some definitions and general properties related to 
vector bundles, their dual bundles and exterior powers. In a first subsection we 
recall some properties of graded algebras, graded Lie algebras and their deriva- 
tions. The second subsection applies these properties to the graded algebra of 
sections of the exterior powers of a vector bundle. For more details the reader 
may look at the book by Greub, Halperin and Vanstone [5] . The reader already 
familiar with this material may skip this section, or just look briefly at the sign 
conventions we are using. 

3.1 Graded vector spaces and graded algebras 

3.1.1 Definitions. 

(i) An algebra is a vector space A on the Geld K = M. or C, endowed with a 
K-bihnear map caUed the composition law, 

A X A ^ A , {x , y) i—f xy , where x and y £ A . 

(ii) An algebra A is said to he associative if its composition law is associative, 
i.e., if for all x, y and z € A, 

xijjz) = {xy)z . 

(iii) A vector space E on the field K = K or C is said to he Z-graded if one 
has chosen a family {E^ , p E Z) of vector subspaces of E, such that 

E = (BpezE" . 

For each p G Z, an element x E E is said to be homogeneous of degree p if 
X G EP , and the vector subspace E^ of E is called the subspace of elements 
homogeneous of degree p. 

(iv) Let E = (Bp£zE^ and F — (Bp^zP^ be two Z-graded vector spaces on the 
same field K. A K-iinear map f : E ~* F is said to be homogeneous of degree d 
(with d G Z) if for each p £ Z, 



f{EP) C FP+'' . 



(v) An algebra A is said to be Z-gradcd if A ~ Qp^zA^ is Z-gradcd as a vector 
space and if in addition, for all p and q E Z, x <E A^ and y G A"^, 

xy e AP+'' . 

(vi) A Z-graded algebra A — ©pgzA^ is said to be 'Z,2-commutative (resp., 
Z,2-anticommutative) if for all p and q £ Z, x G A^ and y G A'' , 

xy = {-ly^yx, (resp., xy = -{-l)''"'yx ) . 

3.1.2 Some properties and examples 

(i) Composition of homogeneous linear maps. We consider tliree Z-graded 
vector spaces, E = (Bp^zE^, F = (Bp^zF^ and G — (BpezG^, on the same field 
IK. Let f : E ^ F and g : F ^ G he two linear maps, the first one / being 
homogeneous of degree di and the second one g homogeneous of degree d2 . Then 
g o f : E ^ G is homogeneous of degree di + d2. 

(ii) The algebra of linear endomorphisms of a vector space . Let _E be a vector 
space and L{E,E) be the space of linear endomorphisms of E. We take as 
composition law on that space the usual composition of maps, 

{f,9) "^ f °9, with / o g{x) == f{g{x)) , X e E. 

With that composition law, L{E,E) is an associative algebra. 
(iii) The graded algebra of graded linear endomorphisms. We assume now 
that E — (Bp^zE^ is a Z-graded vector space. For each d E Z, let A'^ be 
the vector subspace of L{E,E) whose elements are the linear endomorphisms 
f : E -^ E which are homogeneous of degree d, i.e., such that for all p £ Z, 
f{EP)c E'P+'^. Let A = ®d^zA'^. By using property 3.L2 (i), we see that with 
the usual composition of maps as composition law, A is a Z-graded associative 
algebra. 

Let us use property 3.1.2 (i) with E = F = G, in the following definition. 

3.1.3 Definition. Let E = (Bpi^zE^ be a Z-graded vector space, f and g £ 
L{E,E) be two homogeneous linear endomorphisms of E of degrees di and d2, 
respectively. The linear endomorphism [/, g] of E dehned by 

[f,9]^fog-i-lY'''gof, 

which, by 3.1.2 (i), is homogeneous of degree di+d2, is called the graded bracket 
of f and g. 

3.1.4 Definition. Let A — (Bpez be a Z-graded algebra. Let 9 : A ^ A be 
a linear endomorphism of the graded vector space A. Let d G Z. The linear 
endomorphism is said to be a derivation of degree d of the graded algebra A if 

(i) as a linear endomorphism of a graded vector space, 9 is homogeneous of 
degree d, 

(ii) for aU p e Z, X e Ap and y e A, 

e{xy)^{e{x))y+{-lfPx{9{y)). 



3.1.5 Remark. More generally, as shown by Koszul [12 , for an algebra A equip- 
ped with an involutive automorphism, one can define two types of remarkable 
linear endomorphisms of A, the derivations and the antiderivations. When 
A = (BpizzAP is a Z-graded algebra, and when the involutive automorphism 
used is that which maps each x G A^ onto (— l)^x, it turns out that all nonzero 
graded derivations are of even degree, that all nonzero graded antiderivations 
are of odd degree, and that both derivations and antiderivations can be defined 
as done in Definition 3.1.4. For simplicity we have chosen to call derivations 
both the derivations and antiderivations. 

3.1.6 Some properties of derivations 

Let A = (Bp£zAP be a Z-graded algebra. 

(i) A derivation of degree 0. For every p G Z and x G A^ , we set 

/i(x) — px . 

The map /x, defined for homogeneous elements of A, can be extended in a unique 
way as a linear endomorphism of A, still denoted by fi. This endomorphism is 
a derivation of degree of A. 

(ii) The graded bracket of two derivations . Let 9i : A —> A and 02 '■ A —> A 
be two derivations of A, of degreeq di and d2, respectively. Their graded bracket 
(Definition 3.1.3) 

is a derivation of degree di + ^2- 

3.1.7 Definition. A Z-graded Lie algebra is a Z-graded algebra A — (Bpi^zA^ (in 
the sense of 3.1.1 (v)), whose composition law, often denoted by {x,y) ^^ [x,y] 
and called the graded bracket, satisfies the following two properties: 

(i) it is 'Z,2-anticoinmutative in the sense of 3.1.1 (vi), i.e., for all p and q E Z, 
Pe AP and Q e A«, 

[p,Q] = -(-ir[Q,p], 

(ii) it satisfies the Z-graded Jacobi identity, i.e., for p, q and r G Z, P E A^, 
QeA'i andRe A"-, 

i-ir [P, [Q, R]] + i~ir [Q, [R, P]] + i-iy [R, [P, Q]] = . 

3.1.8 Examples and remarks 

(i) Lie algebras and Z-graded Lie algebras. A Z-graded Lie algebra A — 
(BpfzzAP is not a Lie algebra in the usual sense, unless A^ = {0} for all p ^ 0. 
However, its subspace A^ of homogeneous elements of degree is a Lie algebra 
in that usual sense: it is stable under the bracket operation and when restricted 
to elements in A°, the bracket is skew-symmetric and satisfies the usual Jacobi 
identity. 

(ii) The graded Lie algebra associated to a graded associative algebra. Let A — 
(BpezAP be a Z-graded associative algebra, whose composition law is denoted by 



{P, Q) H^ PQ. We define another composition law, denoted by {P, Q) h^ [P, Q] 
and called the graded commutator; we first define it for homogeneous elements 
in A by setting, for aU p and q € Z, P € Ap and Q e A'^, 

[P,0]=PQ-(-irQP; 

then we extend the definition of that composition law to all pairs of elements in 
A by bilinearity. The reader will easily verify that with this composition law, 
A is a graded Lie algebra. When A^ — {0} for all p ^ 0, we recover the well 
known way in which one can associate a Lie algebra to any associative algebra. 
(iii) The graded Lie algebra of graded endomorphisms . Let E — (BpezE^ be 
a graded vector space. For each p G Z, let A^ C £j{E,E) be the space of 
linear endomorphisms of E which are homogeneous of degree p, and let A — 
(Sp^zA^. As we have seen in 3.1.2 (iii), when equipped with the composition 
of applications as composition law, A is a Z-graded associative algebra. Let us 
define another composition law on A, called the graded commutator; we first 
define it for homogeneous elements in A by setting, for all p and q € 1j, P G A^ 
and Q e A"^, 

[P,Q]^PQ-i-irQP; 

then we extend the definition of that composition law to all pairs of elements in 
A by bilinearity. By using 3.1.8 (ii), we see that A, with this composition law, 
is a Z-graded Lie algebra. 

(iv) Various interpretations of the graded Jacobi identity. Let A = (Bp^zA^ 
be a Z-graded Lie algebra. The Z-graded Jacobi identity indicated in Definition 

3.1.7 can be cast into other forms, which better indicate its meaning. Let us 
set, for all P and Q e A, 

adp Q = [P, Q] . 

For each p G Z and P E A^, adp : A ^ A is a graded endomorphism of A, 
homogeneous of degree p. By taking into account the Z2-anticommutativity of 
the bracket, the reader will easily see that the graded Jacobi identity can be 
written under the following two forms: 

First form. For aU p, q and r G Z, P G A^ , Q e A"^ and R G A^ , 

adp([Q, R]) = [adp Q, R] + {-If^iQ, adp R] . 

This equality means that for all p G Z and P G A^ , the linear endomorphism 
adp : A ^ A is a derivation of degree p of the graded Lie algebra A, in the 
sense of 3.1.4. 

Second form. For aU p, q and r eZ, P E A^ , Q e A'' and R G A^ , 

ad[pQ] R — adp o adg R — (— 1)^'^ adg o adp R — [adp, adgjP . 

This equality means that for all p and q E Z, p E A^ and Q G A'^, the en- 
domorphism ad[p^Q] : A ^ A is the graded bracket (in the sense of 3.1.3) of 
the two endomorphisms adp : A ^ A and adg : A ^> A. In other words, the 
map P >-^ adp is a Z-graded Lie algebras homomorphism from the Z-graded 
Lie algebra A into the Z-graded Lie algebra of sums of linear homogeneous 
endomorphisms of A, with the graded bracket as composition law (example 

3.1.8 (iii)). 

When AP = {0} for all p ^ 0, we recover the well known interpretations of 
the usual Jacobi identity. 



3.2 Exterior powers of a vector bundle and of its dual 

In what follows all the vector bundles will be assumed to be locally trivial and of 
finite rank; therefore we will write simply vector bundle for locally trivial vector 
bundle. 

3.2.1 The dual of a vector bundle 

Let {E, T, M) be a vector bundle on the field K = R or C We will denote its 
dual bundle by {E* ,Tr, M). Let us recall that it is a vector bundle over the 
same base manifold M, whose fibre E* = tt^^{x) over each point x £ M is the 
dual vector space of the corresponding fibre E^ — t^^(x) of {E, r, M), i.e., the 
space of linear forms on E^ (i.e., linear functions defined on E^ and taking their 
values in the field K). 

For each x E M, the duality coupling E* x E^ ^ K will be denoted by 

{t],v) 1-^ {v,v) . 

3.2.2 The exterior powers of a vector bundle 

Let {E, T, M) be a vector bundle of rank k. For each integer p > 0, we will denote 
by (/\^ E, T, M) the p-th external power of {E, r, M). It is a vector bundle over 
M whose fibre /\^ E^, over each point x G M, is the p-th external power of 
the corresponding fibre E^ = t~^{x) of {E,t,M). We recall that /\^ E^ can 
be canonically identified with the vector space of p-multilinear skew-symmetric 
forms on the dual E* of E^ . 

Similarly, for any integer p > 0, wc will denote by {/\^ E* ,tt,M) the p-th 
external power of the bundle {E*,tt, M), dual of {E, r, M). 

Forp=l,{/\^ E, T, M) is simply the bundle {E, t, M), and similarly (/\^ E*,tt, M) 
is simply the bundle {E* ^-k^M). For p strictly larger than the rank k of 
{E, T, M), (A^ E, T, M) and {f\^ E*,Tr, M) are the trivial bundle over M, (M x 
{0},ri,M), whose fibres are zero-dimensional (ti : M x {0} -^ M being the 
projection onto the first factor). 

Forp==:0, wewillset {/\" E,t,M) ^ {/\" E*,tt,M) = (MxK, n, M), where 
Ti : M X IK ^ M is the projection onto the first factor. 

Finally, we will consider that for p < 0, {/\^ E,t,M) and {/\^E*,Tr,M) 
are the trivial bundle over M, (M x {0},ti,M). With these conventions, 

(A^ E, T, M) and (A'' E*,Tr, M) are defined for aU p e Z. 

3.2.3 Operations in the graded vector spaces A E^ and A E* 

Let {E,T,M) be a vector bundle of rank k, {E*,tt,M) its dual and, for each 
p e Z, (A^ E, T, M) and (A*' -E*, tt, M) their p-th external powers. We recall in 
this sections some operations which can be made for each point a; G M, in the 
vector spaces A'' E^ and A^ E^ . 

For each x e M, let us consider the Z- graded vector spaces 

p p 

f\E^^ ©pez /\ E^ and f\El ^ ©pez f\ E^ . 



We will say that elements in /\ E* arc (multilinear) forms at x, and that ele- 
ments in /\ Ex are multivectors at x. 

(i) The exterior product. Let us recall that for each x G M, p and g G Z, 
P e A^ Ex and Q e A'' E^, there exists P AQ £ /\^^'' -^a^' called the exterior 
product of P and Q, defined by the following formulae. 

- If p < 0, then P = 0, therefore, for any Q e A"^ E^, P AQ = 0. Similarly, if 

q <0, then Q = 0, therefore, for any P e /\^ E^, P AQ = 0. 

- If p = 0, then P is a scalar (P G IK), and therefore, for any Q G A"^ E^, 

P A Q ^ PQ, the usual product of Q by the scalar P. Similarly, for 
q = 0, then Q is a scalar {Q G K), and therefore, for any P G /\'' E^, 
P AQ — QP, the usual product of P by the scalar Q. 

- If p > 1 and q > 1, P AQ, considered as a (p + (7)-multilinear form on P*, is 

given by the formula, where ryi , . . . , rjp+g G E* , 

P AQ{r]i,...,r]p+q) = ^ £{<^)P{Va{l), ■ ■ ■ ,Va(p))Q{Va(p+l), ■ ■ ■ ,Va(p+q)) ■ 

We have denoted by §(p,<j) the set of permutations a of { 1, . . . ,p + g } which 
satisfy 

o-(l) < (t(2) < • • • < o-(p) and (t(p + 1) < cr(p + 2) < ■ • • < a{p + q) , 

and set 

I 1 if (T is even, 
e((T) = < 

1—1 if (T is odd. 

Similarly, let us recall that for each x G M, p and g G Z, ^ G /\^ E* and 
77 G /y"^ P*, there exists ^ A r; G /\^ "^ P*, called the exterior product of ^ and 77. 
It is defined by the formulae given above, the only change being the exchange 
of the roles of E^ and P* . 

The exterior product is associative and Z2-commutative: for all x G M, p, q 
and r G Z, P G A^ -E^rr, Q e A'' Ex and P G A'' E^, 

PA(QAR) = {PAQ)AR, Q A P = (-lyW AQ , 

and similarly, ior ^ e /\P E*, t] e A'' E* and ( ^ K E^, 

eA(r7AC) = (eAry)AC, ry A ^ = (-1)^^^ A ry . 

For all X G M, the exterior product extends, by bilinearity, as a composition 
law in each of the graded vector spaces A Ex and A E* . With these composi- 
tion laws, these vector spaces become Z-graded associative and Z2-commutative 
algebras. 

(ii) The interior product of a form by a vector. Let us recall that for each 
a; G M, w G Ex, p e Z, rj e A'' E*, there exists i{v)r] G A''"^ E*, called the 
interior product of 77 by v, defined by the following formulae. 
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- For p < 0, i{v)f] ^ 0, since A'' ^ K = {0}- 

- For p = 1, 

i{v)ri — {rj,v) G IK . 

- For p > 1, i{v)ri is the (p — l)-niultilinear form on E^ such that, for aU 

vi,...,Vp-i e Ex, 

i{v)'i]{vi,...,Vp^i) = r]{v,vi,...,Vp^i). 

For each x (^ M and v G E^, the map rj ^^ i{v)ri extends, by hnearity, as a 
graded endomorphism of degree —1 of the graded vector space /\ E*. Moreover, 
that endomorphism is in fact a derivation of degree —1 of the exterior algebra 
of E*, i.e., for all p and q £ Z, ( e A'' E*, r] e /\'^ E*, 

i{v){C A r/) = {i{v)C) Av+ (-If C A {i{v)r]) . 

(iii) The pairing between /\ E^ and /\ E* . Let x ^ M , p and q ^ Z,, r] ^ /\^ E* 
and V e /\'^ E^. We set 

, , Jo if p 7^ g, or if p < 0, or if <7 < 0, 
yrjv II p = q = v. 

In order to define (?7,f) when p ~ q > 1, let us first assume that rj and v are 
decomposable, i.e., that they can be written as 

?7 = ?7i A • • • A ?7p , V — vi A ■ ■ ■ AVp , 

where rji (1 E*, Vj (^ E^, 1 < i,j < p. Then we set 

{i],v) =det((ry,,Wj)) ,. 

One may see that (77, v) depends only on 77 and v, not on the way in which they 
are expressed as exterior products of elements of degree 1. The map (?7,f) 1— > 
{rj, v) extends, in a unique way as a bilinear map 

/\E* X a i?j; ^ IK, still denoted by (r/, v) ^^ (77, v) , 

called the pairing. That map allows us to consider each one of the two graded 
vector spaces A E* and A Ex as the dual of the other one. 

Let rj G A'' E* and vi, . . . ,Vphe elements of E^ . The pairing {rj,vi A- ■ ■ Avp) 
is related, in a very simple way, to the value of 77, considered as a p-multilinear 
form on E^, on the set (wi, . . . , Vp). We have 

{t],vi A- ■■ AVp) = T]{vi,. ..,Vp). 

(iv) The interior product of a form by a multivector . For each x € M and 
V G Ex, we have defined in 3.2.3 (ii) the interior product i{v) as a derivation 
of degree —1 of the exterior algebra A E* of forms at x. Let us now define, for 
each multivector P G A Ex, the interior product i{P). Let us first assume that 
P is homogeneous of degree p, i.e., that P ^ f\f Ex. 
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- For p < 0, A^ E^ = {0}, therefore i{P) = 0. 

- For p = 0, f\ Ex =K, therefore P is a scalar and we set, for ail rj E /\E*, 

i{P)ri — Prj . 

- For p > 1 and P G /\^ E^ decomposable, i.e., 

P = Pi A • • • A Pp , with Pie Ex, 1 <i <p, 

we set 

z(PiA---APp)=i(Pi)o...oz(Pp). 

We see easily that i(P) depends only of P, not of the way in which it is 
expressed as an exterior product of elements of degree 1. 

- We extend by linearity the definition of i{P) for all P G /\^ E^, and we see 

that i{P) is a graded endomorphism of degree —p of the graded vector 
space /\ E*. Observe that for p ^ 1, i{P) is not in general a derivation of 
the exterior algebra /\ E* . 

Finally, we extend by linearity the definition of i{P) to all elements P G 
AE.. 

(v) The interior product by an exterior product . It is easy to see that for all 
P and Q e AEx, 

i{PAQ)^i{P)oi{Q). 

(vi) Interior product and pairing. For p E "L, rj E f\^ E* and P G /\^ E^, we 
have 

i{P)7J={-l)^P-^^P/^{T],P). 

More generally, for p a.nd q e Z, P e /\^ (Ex), Q E A'' (Ex) and ry G A^^''{E*), 
(^(P)77,0) = (-l)(^-^)^/'(77,PAQ). 

This formula shows that the interior product by P G A^ Ex is (— 1)(p~i)p/2 
times the transpose, with respect to the pairing, of the exterior product by P 
on the left. 

3.2.4 The exterior algebra of sections 

Let (E, T, M) be a vector bundle of rank k on the field K = M or C, over a 
smooth manifold M , (E* , tt, M) be its dual bundle and, for each integer p>l, 
let (/\f E, T, M) and (/y E*,7t, M) be their respective p-th exterior powers. 

For each p G Z, we will denote by AP{M, E) the space of smooth sections of 
(/\^ E, T, M), i.e., the space of smooth maps Z : M ^> /\^ E which satisfy 



T o Z = id 



M 



Similarly, for each p G Z, we will denote by VI!p{M,E) the space of smooth 
sections of (/\^ E*,Tr, M), i.e., the space of smooth maps rj : M ^ /\^ E* which 
satisfy 

TT o 77 = idM • 
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Let us observe that f7P(M, E) = Ap{M, E*). 

We will denote by A{M, E) and Vt{M, E) the direct sums 

A{M, E) = ©pezAP(M, E) , f7(M, E) = (Bpez^^iM, E) . 

These direct sums, taken for all p E Z, are in fact taken for all integers p which 
satisfy < p < fc, where k is the rank of the vector bundle {E, t, M), since we 
have AP{M, E) = f7P(M, E) = {0} for p < as well as for p>k. 

For p == 0, A°{M, E) and O0(M, E) both coincide with the space C°°{M, K) 
of smooth functions defined on M which take their values in the field K. 

Operations such as the exterior product, the interior product and the pairing, 
defined for each point x G M in 3.2.3, can be extended to elements in A{M^ E) 
and n{M,E). 

(i) The exterior product of two sections. For example, the exterior product 
of two sections P and Q G A{M, E) is the section 

xeM, x^ {P hQ)(x) = P(x) hQ(x). 

The exterior product of two sections rj and C, G ^{M^ E) is similarly defined. 

With the exterior product as composition law, A{M^ E) and Q,{M, E) are 
Z-graded associative and Z2-commutative algebras, called the algebra of mul- 
tivectors and the algebra of forms associated to the vector bundle {E,t,M). 
Their subspaces j4"(M, E) and 17° (M, E) of homogeneous elements of degree 
both coincide with the usual algebra C°° (M, K) of smooth K- valued functions 
on M, with the usual product of functions as composition law. We observe 
that A{M,E) and 51(M, _E) are Z-graded modules over the ring of functions 
C°°(M,IK). 

(ii) The interior product by a section of A{M, E). For each P G A{M, E), the 
interior product i{P) is an endomorphism of the graded vector space ^{M, E). 
If p G Z and P G Ap{M, E), the endomorphism i{P) is homogeneous of degree 
—p. For p — I, i{P) is a derivation of degree —1 of the algebra il.{M, E). 
(iii) The pairing between A{M , E) andQ,{M,E). "Die pairing 

{r], P) ^ {ri,P), ?7 G 1^(M, E) , Pe A{M, E) , 

is a C°°(M, K)-bilinear map, defined on n{M,E) x A{M,E), which takes its 
values in C°°(M,K). 

4 Exterior powers of a Lie algebroid and of its 
dual 

We consider now a Lie algebroid (E, t, M, p) over a smooth manifold M. We 
denote by {E*,Tr,M) its dual vector bundle, and use all the notations defined 
in Section 3. We will assume that the base field K is M, but most results 
remain valid for K = C. We will prove that differential operators such as the 
Lie derivative and the exterior derivative, which are well known for sections of 
the exterior powers of a tangent bundle and of its dual, still exist in this more 
general setting. 
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4.1 Lie derivatives with respect to sections of a Lie alge- 
broid 

We prove in this subsection that for each smooth section V of the Lie algebroid 
{E, T, M, p) , there exists a derivation of degree of the exterior algebra 0(M, E) , 
called the Lie derivative with respect to V and denoted by Lp{V). When the Lie 
algebroid is the tangent bundle {TM,TM,M,idTM), we will recover the usual 
Lie derivative of differential forms with respect to a vector field. 

4.1.1 Proposition. Let {E,t, M, p) be a Lie algebroid on a smooth manifold 
M. For each smooth section V £ A^{M,E) of the vector bundle {E,t,M), 
there exists a unique graded cndomorphism of degree of the graded algebra of 
exterior forms f2(M, E), called the Lie derivative with respect to V and denoted 
by Cjp{V), which satisfies the following properties: 

(i) For a smooth function f e n°{M, E) = C°^{M, M), 

Lp(V)J = i{poV)df = L{poV)f, 

where L{poV) denotes the usual Lie derivative with respect to the vector 
field poV; 

(ii) For a form rj G nP{M,E) of degree p > 0, Lp{V)ri is the form defined by 
the formula, where Vi, . . . ,Vp are smooth sections of (E, t, M), 

p 

-J2viVi, ■ ■ ■ ,v,-iAv,v,},v,+i, ■ ■ ■ ,Vp) . 



Proof: 

Clearly (i) defines a function Lp{V)f G QP{M,E) ^ C°°(M,R). We see imme- 
diately that for / and g e C°°(M,R), 

^p{V){f9) - {^p{V)f)g + f{^p{V)9) . (*) 

Now (ii) defines a map {Vi, . . .Vp) ^ {Lp{V)ri){Vi, . . . ,Vp) on {A^{M,E)Y, 
with values in C°°(M, R). In order to prove that this map defines an ele- 
ment Lp{V)rj in ^^{M, E), it is enough to prove that it is skew-symmetric and 
C°°(M, R)-linear in each argument. The skew-symmetry and the M-linearity in 
each argument are easily verified. There remains only to prove that for each 
function/ G C°°(Af,R), 

{Zp{V)v) im, ^2, . . . , Vp) = f{Zp{V)v) (Fi, ^2, . . . , Vp) . (**) 

We have 

{Lp{V)v) {fV,,V2,..., Vp) - Lp{V) {v{m,V2, . . . , Vp)) 

-vi{V,.fVi},V2,...,Vp) 

p 
-J2vifVi,V2, . . . ,V.i,{V,V},V+i, . . . ,Vp) . 

i=2 
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By using (*), we may write 

^p{V){v{fVi,V2,...,Vp))^Lp{V){MVi,V2,...,Vp)) 

= {i:piV)f)rjiVuV2,...,Vp) 
+ fi:piV){rjiVuV2,...,Vp)). 

Using the property of the anchor, we also have 

{V, fVi} = (tip o V)df)Vi + f{V, Vi} - {iip{V)f)Vi + f{V, Vi} . 

Equahty (**) foUows immediately. 

The endomorphism £p(V), defined on the subspaccs of homogeneous forms, 
can then be extended, in a unique way, to Q{M, E), by imposing the M- linearity 
of the map rj h-> £jp{V)ri. D 

Let us now introduce the Cl(M, _B)-valued exterior derivative of a function. 
In the next section, that definition will be extended to all elements in 17 (M, E). 

4.1.2 Definition. Let (E, t, M, p) be a Lie algebroid on a smooth manifold M. 
For each function f e fi°(M, E) == C'°°{M, R), we call Vt{M, E)-valued exterior 
derivative of f, and denote by dpf, the unique element in fl^{M, E) such that, 
for each section V G A'^{M, E), 

{dpf,V) = {df,poV). 

4.1.3 Remark. Let us observe that the transpose of the anchor p : E ^r TM 
is a vector bundle map *p : T* M —^ E* . By composition of that map with the 
usual differential of functions, we obtain the n{M, i?)-valued exterior differential 
dp. We have indeed 

dpf = ^podf . 

AAA Proposition. Under the assumptions of Proposition 4.1.1, the Lie deriva- 
tive has the following properties. 

1. For each V G A^{M, E) and f e C°°{M, M), 

fip{V){dpf)=dp{Lp{V)f). 

2. For each V and W e A\M, E), rj e n{M, E), 

i{{V, W})r^ = {LpiV) o i{W) - i{W) o Lp{V))r,. 

3. For each V G A^{M, E), ^p{V) is a derivation of degree of the exterior 
algebra n{M, E). That means that for all rj and C € f7(M, E), 

Lp(V){v AC)- {^p{V)v) A C + r? A {Lp(V)C) . 

4. For each V and W e A^M, E), rj e n{M, E), 

Lp{{V, W})t^ ^ {Lp{V) o Lp{W) - LpiW) o Lp{V))T^. 

5. For each V G A^{M, E), f e C°°{M, M) and r] e n{M, E), 

^p{.fV)v - .f^p{V)v + dpf A i{V)rj . 
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Proof: 

1. hetW (E A^{M,E). Then 

{i:p{v)id,f),w) ^ i:p{v){dpf,w) - {dpf,{v,w}) 

= L{p o F) o L{p o w)f - i:(p o {V, w})f 

= L{poW)oJi{poV)f 

so Property 1 is proven. 

2. Let V and W eA\M,E), rye VLP{M,E), Vi,...,Vp-i G A^{M,E). We 
may write 

{Lp{V)ot{W)r,){Vi,...,Vp-i) 

-J2rj{W,Vu..., Vk-u{V, Vk}, Vk+i,..., Vp-i) 
fc=i 

= (i:p(t/)77) (w^, Fi, . . . , Vp-i) + f^iiv, w}, Vi,..., Vp-i) 

so Property 2 is proven. 

3. Let V e A^{M, E), rj e nP{M, E) and C G 0«(M, £;). For p < 0, as well 
as for (J < 0, both sides of the equality stated in Property 3 vanish, so that 
equality is trivially satisfied. For p = g = 0, that equality is also satisfied, as 
shown by Equality (*) in the proof of Proposition 4.1.1. We still have to prove 
that equality for p > Q and (or) q > Q. We will do that by induction on the value 
oi p + q. Let r > 1 be an integer such that the equality stated in Property 3 
holds for p -\- q < r — 1. Such an integer exists, for example r — 1. We assume 
now that p > and q > are such that p + q ~ r. Let W G A^{M, E). By 
using Property 2, we may write 

i{W) o i:p(F)(77AC) = l^piV) o i{W){7^ A - i{{V, W}){7^ A c) 
= !ip{V){i{W)7^ A C + (-lYv A i{W)C) 
- i{{V, W}),^ A C - {-Ifv A i{{V, W})C . 

Since i(VK)r/ G 9p-'^{M,E) andi(VF)C G Vt'^-'^ {M , E) , the induction assumption 
allows us to use Property 3 to transform the first terms of the right hand side. 
We obtain 

i{W) o Lp{V){r^;,0 = i^piV) o t{W)r,) A C + t{W)v A Lp{V)C 

+ {-ir{Cp{V)v) A i{W)C + (-l)Pr; A {Lp(V) o t(W)C) 
- i{{V, W})rj AC- {-Ifv A i{{V, W})C ■ 

By rearranging the terms, we obtain 

i{W) o Lp{V){v;,0 - i^piV) o i{W)f] - i{{V, W})r,) A C 

+ (-1)^77 A (ZpiV) o t{W)C - i{{V, W})C) 
+ i{W)v A Jip{V)C + i-ir{lip{V)v) A i{W)C . 
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By using again Property 2 wc get 

i{W) o Lp{V){r^^O = (KW) o Lp{V)r^) A C + (-1)^ A {i{W) o Lp{V)C) 
+ iiW)r, A Lp{V)C + i-irLp{V)v A ^(W^)C 
= tiW) {L piV)7^ AC + 7^ A Lp{V)C). 

Since that last equality holds for all W E A^ (M, E) , it follows that Property 3 
holds for rj G nP{M, E) and ( G fi«(M, E), with p > 0, g > and p + g = r. 
We have thus proven by induction that Property 3 holds for all p and g G Z, 
rj e nP{M, E), ( e ri«(M, E). The same equality holds, by biHnearity, for aU i] 
andC e n{M,E). 

4. Let V andW e A^{M, E). Then {y, W} G ^H^> -E^) and, by Property 3, 
iLp(y), iLp(T4^) and Lp{{V, W}) are derivations of degree of the graded algebra 
n{M,E). By 3.1.6 (ii), the graded bracket 

[Lp{V),Lp{W)\ ^ Lp{V) o Lp{W) - Lp{W) o Jip{V) 

is also a derivation of degree of f7(M, E). Property 4 means that the deriva- 
tions Lp{{V, W}) and [iLp(V^), iLp(VK)] are equal. In order to prove that equality, 
it is enough to prove that it holds true for rj G il'^{M, E) and for rj G 17^ (M, E)^ 
since the graded algebra Q.{M, E) is generated by its homogeneous elements of 
degrees and 1. 

Let / G n^{M,E) = C°°(M,R). We have 

^p{{v,w})f = i:{po{v,w})f 

^Ji{[poV,poW])f 

^[L{pov),i:{pow)]f 

^[Zp{V),Zp{W)]f, 

therefore Property 4 holds for 77 = / G 51° (Af, E). 

Now let rj G n^{M,E) and Z G A^{M,E). By using Property 2, then 
Property 4 for elements 77 G ^"(M, _E), we may write 

t{Z) o Lp{{V, W})v = Lp{{V, W}){t{Z)fj) - t{{{V, W}, Z})rj 

= (HpiV) o HpiW) - HpiW) o £p(T/)) {iiZ)rj) 
-i{{{V,W},Z})rj. 

By using Property 2 and the Jacobi identity, we obtain 

i{Z) o Lp{{V, W})rj = Lp{V){i{{W, Z})r^ + i{Z) o Lp{W)ij) 

- Lp{W){i{{V, Z])r^ + i{Z) o Lp{V)v) 
-i{{{V,W},Z})ij 

= ti{W, Z})LpiV)rj + ii{V, Z})!ipiW)v 

- ii{V, Z})i:piW)rj - ii{W, Z})ZpiV)rj 

+ i{Z) o {Lp{V) o Lp{W) - Lp{W) o LpiV))rj 

[{V, {w, z}} - {w, {y, z}} - {{V, w}, z])ij 

i{Z) o {Lp{V) o i:p(T^) - Lp{W) o Lp{V))r] . 
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Since that last equality holds for all Z E A^(M,E), Property 4 holds for all 
T] e Oi(M, E), and therefore for all ry G 0(M, E). 

5. Let V G A^{M,E) and / G C°°(M,R). We have seen (Property 4) that 
£jp{fV) is a derivation of degree of i^{M, E). We easily verify that 

r^^fCp{V)v + dpfAi{V)r, 

is too a derivation of degree of n{M,E). Property 5 means that these two 
derivations are equal. As above, it is enough to prove that Property 5 holds for 
T] G n°{M,E) and for 77 G n^{M,E). 

Let g G n"{M, E) = C°^{M, M). We may write 

fip{IV)g^i{.fV)dpg = ,fLp{V)g, 

which shows that Property 5 holds for -q — g E il°(M, E). 
Let r/ G n^{M,E), and W G A^{M,E). We have 

{Lp{fV)v, W) - Lp{fV){{7j, W)) - (77, {fV, W}) 

- fiip{V){{7j,W)) - f{vAV,W}) + (ry, {t{W)dp,f)V) 
= {.f/ip{V)v, W) + {i{W)dpf)i{V)rj 
= {,ffip{V)v + dp,fAi{V)v,W), 

since, 77 being in n^{M,E), i{W) o i{V)ri = 0. The last equality being satisfied 
for aU W G A^{M, E), the result follows. D 

The next Proposition shows that for each V G A^{M, E), the Lie derivative 
iip{V), already defined as a derivation of degree of the graded algebra Q{M, E), 
can also be extended into a derivation of degree of the graded algebra A{M, E), 
with very nice properties. As we will soon see, the Schouten-Nijenhuis bracket 
will appear as a very natural further extension of the Lie derivative. 

4.1.5 Proposition. Let {E,t, M, p) be a Lie algebroid on a smooth manifold 
M. For each smooth section V G A^{M,E) of the vector bundle {E,t,M), 
there exists a unique graded endomorphism of degree of the graded algebra of 
multivectors A{M, E), called the Lie derivative with respect to V and denoted 
by Cjp{V), which satisRes the following properties: 

(i) For a smooth function f G A"{M, E) = C°^{M, M), 

Lp(V)f = i{poV)df = L{poV)f, 

where L{poV) denotes the usual Lie derivative with respect to the vector 
held poV; 

(ii) For an integer p > 1 and a multivcctor P G Ap{M,E), Lp(V)P is the 
unique element in Ap{M, E) such that, for all rj G nP{M, E), 

(ry, Sip{V)P) = £p(y) ((7?, P)) - {Lp{V)r^, P) . 



18 



Proof: 

Let us first observe that A°{M,E) = n°{M,E) = C°°(M,R), and that for 
/ G A^{M,E), the definition of Lp{V)f given above is the same as that given 
in Proposition 4.1.1. 

Now let p > 1 and P e Ap{M, E). The map 

77 ^ Kif^) = Lp{V){{T^, P)) - {HpiV)^, P) 

is clearly an R-linear map defined on f7P(M, E), with values in C°°(A'/, R). Let 
/ eC°°(M,M). We have 

K{fri)^Lp{V){{fri,P)) - {Z,{V){fr^),P) 

= .f{iip{V){{v,P))-{fi,{V)rj,P)'^ 

+ {Jip{V)f){rj,P)-{Jip{V).f){v,P) 
= IK{r,) . 

This proves that the map K is C°°(M, R)-linear. Since the pairing allows us 
to consider the vector bundle {/\^ E,t,M) as the dual of {/\^E*,Tr,M), we 
see that there exists a unique element £jp{V)P G Af{M,E) such that, for all 
r]enP{M,E), 

K{rj) = i:p{V){{7j,P)) - {iip{V)v,P) - {v,'^p{V)P) , 

and that ends the proof. D 

4.1.6 Proposition. Under the assumptions of Proposition 4.1.5, the Lie deriva- 
tive has the following properties. 

1. For each V and W £ A^M, E), 

Sip{V){W)^{V,W}. 

2. ForV,Vi,...,Vp eA^{M,E), 

p 
fipiV){Vi A • • • A Vp) = ^ Vi A • • • A y,_i A {y, V,} AV^+i A ■ ■ ■ AVp . 

i=l 

3. For each V E A^{M, E), ^p{V) is a derivation of degree of the exterior 
algebra A{M, E). That means that for ah P and Q e A{M, E), 

Lp{V){P A Q) = {Lp{V)P) AQ + PA Lp{V)Q . 

4. For each V e A^{M, E), P e A{M, E) and -q e f7(M, E), 

Lp{V){i(P)v) = t{^p(V)P)v + t{P){Lp(V)7j) . 

5. Similarly, for each V G A\M, E), P e A{M, E) and 77 e n{M, E), 

Lp{V){{r^,P)) = {LpiV)r^,P) + {r^,Lp{V)P) . 

6. For each V and W e A\M, E), P e A{M, E), 

^p{{V, W})P - (LpiV) o Lp{W) - Lp{W) o £p(y))P . 

7. For each V G A^M, E), f e C°°{M, R), P e A{M, E) and 77 e f7(M, E), 

(ry, Lp{!V)P) = .f{Lp{V)P, rf) + {dpf A z(F)ry, P) . 
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Proof: 

1. Let V andW e A^{M, E), 77 G n{M, E). Wc may write 

{i^,Lp{V)W) ^ lip{V){{i^,W)) - {iip{V)^,W) 

We have proven Property 1. 

2. The proof is similar to that of Property 1. 

3. When P = Vi ^ ■ ■ ■ ^Vp and Q = Wi ^ ■ ■ ■ ^Wq aie decomposable 
homogeneous elements in A{M^E), Property 3 is an easy consequence of 2. 
The validity of Property 3 for all P and Q e j4(M, E) follows by linearity. 

4. When P — Vi A • • • A V^ is a decomposable homogeneous element in 
A{M,E), Property 4 is an easy consequence of Property 2. The validity of 
Property 4 for all P and Q G A{M, E) follows by linearity. 

5. This is an immediate consequence of Property 4. 

6. This is an immediate consequence of Property 4 of this Proposition and 
of Property 4 of Proposition 4.1.4. 

7. This is an immediate consequence of Property 4 of this Proposition and 
of Property 5 of Proposition 4.1.4. D 

4.2 The r2(M, £')-valued exterior derivative 

We have introduced above (Definition 4.1.2) the U{M, i?)-valued exterior deriva- 
tive of a function / G ri°(M, E) = C°° (M, R). The next proposition shows that 
the ri(M, i?)-valued exterior derivative extends as a graded endomorphism of 
degree 1 of the graded algebra Q{M,E). We will see later (Proposition 4.2.3) 
that the ^{M, E)-valued exterior derivative is in fact a derivation of degree 1 of 

n{M,E). 

4.2.1 Proposition. Let {E, t, M, p) he a Lie algebroid over a smooth manifold 
M . There exists a unique graded endomorphism of degree 1 of the exterior 
algebra of forms n{M,E), called the D,{M, E) -valued exterior derivative (or, in 
brief, the exterior derivative) and denoted by dp, which satisfies the following 
properties: 

(i) For f G n°{M,E) == C°°{M,R), dpf is the unique element in Vt^{M,E), 
already defined (Definition 4.1.2), such that, for each V G A^{M, E), 

{dpf, V) = Lp{V)f = {df, poV) = Cpo df, V) , 

where d stands for the usual exterior derivative of smooth functions on M , and 
*p : E* ^ T*M is the transpose of the anchor p. 

(ii) For p > 1 and 77 G ^^{M, E), dpi] is the unique element in flP^^{M, E) such 
that, for allVn,...,Vp(^ A^{M, E), 

p 
dpTjiVo, ...,Vp)^ J2(-iy^piV,){rjiVo, ...,%..., Vp)) 

4=0 

+ E {-iy^'v{{V^,V,},Vo,...,V^,...,V„...,Vp)), 
0<i<j<P 
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where the symbol ^ over the terms Vi and Vj means that these terms are 
omitted. 

Proof: 

For / e n^{M, E), dpf is clearly an element in fl'^iM, E). 

Let p > 1 and 77 G QP{M^E). As defined in (ii), dprj is a map, defined on 
{A^{M,E)Y, with values in C°°{M,R). The reader will immediately see that 
this map is skew-symmetric and M- linear in each of its arguments. In order to 
prove that dpi] is an element in 51p+^(M, S), it remains only to verify that as 
a map, dpTj is C°°(M, ]R)-linear in each of its arguments, or simply in its first 
argument, since the skew-symmetry will imply the same property for all other 
arguments. Let / G C°°(M,K). We have 

dp7^{fVoyu...,Vp) 

= L pi fV„){rjiVu ■■■,¥„)) 
p 

+ E (-i)-'''?({./^o,^,},^i,...,v^„...,^p) 

\<i<v 

+ E (-l)^+■'''?({^^,^,},/K,,X^l,...,i^^,...,i^„...,Vp). 
\<i<i<V 

By a rearrangement of the terms in the right hand side, and by using the 
formulae 

Lp{yo{]r^{. . .)) - [Lpiyo^H- ■ •) + f^pmH- ■ •)) . 

and 

we obtain 

dp^{jv^, Vi, . . . , Vp) - fdpr^{Vo,yi, . . . , Fp) . 

We have shown that dprj G Op+^(M, E). The i7(M, i<^)-valued exterior derivative 
so defined on flP{M,E) for all p G Z extends, in a unique way, into a graded 
endomorphism of degree 1 of Q.{M,E). D 

4.2.2 Remark. Let p > 1, 77 G nP{M,E) and Va,...,yp G A^{M,E). The 
formula for dpTj given in Proposition 4.2.1 can be cast into another form, often 
useful: 

p 

dpTjiVo, ...,yp) = E(-ir(^p(^0^)(^o, ...,v^,...,yp) 

i=0 

- E (-^y^'v{{y,v,},Vo,...,y,---,Vj,...,Vp)), 

0<i<j<p 

where the symbol ^ over the terms Vi and Vj means that these terms are 
omitted. 

For example, for p ~ 1, 

dpv(Vo,Vi)^Lp{Vo){v{Vi))-Lp(Vi){7j(Vo))-v{{Vo,Vi}) 
= {Lp{Vo)v, Vi) - {f^piVi)rj, Vo) + v{{Vo, V^i}) • 
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4.2.3 Proposition. Under the assumptions of Proposition 4.2.1, the il.{M, E)- 
valued exterior derivative has the foUowing properties: 

1. Let V S A^{M, E). The Lie derivative Lp(y), the exterior derivative dp 
and the interior product i(V) are related by the formula 

Lp{V):^l{V)odp + dpOl{V). 

2. The exterior derivative dp is a derivation of degree 1 of the exterior algebra 
n{M, E). That means that for each p e Z, rj e nP{M, E) and ( G n{M, E), 

dp{f] AC)=dpf]AC + {-Ifv A dpC . 

3. Let V e A\M,E). Then 

£^p{V) odp = dp oiip{V). 

4. The square of dp vanishes identically, 

dp o dp = . 

Proof: 

1. Let Vo^V, Vi, ..., Vpe A^{M,E), rj e QP{M,E). Then 

{l{V)odp7^){V^,...,Vp) 

^ dp^{V,Vi, . . . ,Vp) 
p 

= Y,{-irsip{v,){f^{Vo, ...,%..., Vp)) 

i=0 

+ E i-^y^'v{{v^,v,},Vo,...,v^,...,VJ,...,Vp), 

0<i<j<p 

and 

{dpOt{V)v){V,,...,Vp) 

i=\ 

+ E (-ir+^>/(K),{T/„y,},yi,...,i>„...,i>-,...,yp). 

l<i<j<p 

Let us add these two equalities. Several terms cancel, and we obtain 



{i{y)odp^dpot{y))7^{v^,...,Vp) 



= Lp{y^){T^{y^, . . . ,yp)) +E(-i)-'''?({^o,^,}, v'l, ...,%,...,Vp). 

When we shift, in the last term of the right hand side, the argument {Vo, V^} 
to the j'-th position, we obtain 



{i{y)odp + dpot{y))r^{v^,...,Vp) 



= Lp{V^){r^{y^, . . . ,yp)) +E'7(V^i, ■ . .,1^,-1, {V^o,X^,},^,+i, ■■■X. 

= [Lp^y^)^)^y^,...,Vp). 
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2. For ry = / and C = .9 e Vl^{M,E) = C°°(M,R), Property 2 holds since 
we have, for alU V e A^{M, E), 

{dp{j9).V) = {d(Jg),poV) = {fdg + gdf,poV) 

= {.fdpg + gdpf,V). 

Now let p > and (7 > be two integers, r/ e nP{M,E), ( e W{M,E). We 
will prove that Property 2 holds by induction on p + g. Just above, we have 
seen that it holds for p + q = 0. Let us assume that r is an integer such that 
Property 2 holds for p + q <r, and that now p + q = r + \. Let V G A^{M, E). 
We may write 

i{V)dp{7^ AC)- Lp{V){ij AO-dpO t{V){rj A C) 

-dp{i{V)rjAC + i-irv/\^{V)C)- 

We may now use the induction assumption, since in the last terms of the right 
hand side i{V)ri G ^^"^(M, E) and i{V)C G il'^~^{M, E). After some rearrange- 
ments of the terms we obtain 

i{V)dp{r^ AC)- i{V){dpr^ A C + ?7 A dpC) . 

Since that result holds for all V G A^{M^E), Property 2 holds forp + q = r + 1, 
and therefore for all p and q <E Z. 

3. Let T/ G A^{M,E). We know (Proposition 4.1.4) that iip{V) is a deriva- 
tion of degree of the exterior algebra il,{M, E), and we have just seen (Property 
2) that dp is a derivation of degree 1 of that algebra. Therefore, by 3.1.6, their 
graded bracket 

[jlip{V),dp] = Lp{V) odp-dpo Lp{V) 

is a derivation of degree 1 of Q,{M, E). In order to prove that that derivation is 
equal to 0, it is enough to prove that it vanishes on 0"(M, E) and on f7^(M, E). 
We have already proven that it vanishes on Vt^{M, E) (Property 1 of 4.1.4). Let 
rj G fi^(M, E) and W G A^{M, E). By using Property 1 of this Proposition and 
Property 2 of 4.1.4, we may write 

i{W)o{Lp{V)odp~dpoLp{V))'n 

= Lp{V) o i{W) o dpri - i{{V, W]) o dpTj 
- Zp{W) o Lp{V)rj + dp o t{W) o i:p{V)7j . 

By rearrangement of the terms, we obtain 

i{W)o{Jip{V)odp-dpofip{V))r^ 

= (LpiV) o LpiW) - Jip{W) o Zp{V) - Lp{{V, W}))rj 
+ dp o z({T/, W})f] - dp o i{{V, W})f] 
- (LpiV) odp-dpO LpiV)) (^(VK)r/) 

-0, 

since i{W)ri G il°(M, E), which implies that the last term vanishes. 
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4. Property 2 shows that dp is a derivation of degree 1 of n(M, E). We know 
(3.1.6) that [dp, dp] = 2dp o dp is a derivation of degree 2 of Vl{M, R). In order 
to prove that dp o dp ~ 0, it is enough to prove that it vanishes on f7"(M, _E) 
a,ndonn'^{M,E). 

Let / G n°{M,E) ^ C°°(M,R), V a.ndW e A^{M,E). Then 

(dp o dp/)(T/, W-) = £p(T/)(dp/(W-)) - iLp W(dp/(F)) - dp/({T/, W^}) 
= (^Lp{V) o LpiW) - Lp{W) o CpiV) - Lp{{V, W}))f 
= 0, 

where we have used Property 4 of Proposition AAA. We have shown that dpodp 
vanishes on 0°(M, E). 

Now let -q e 9}{M,E), Vb, Vi and V2 £ ^^(M, S). Using Property 1, we 
may write 



(dp o dpr,)(T/o, Fi, V2) - ((z(yo) o dp)(dp77)j (Fi, 1^2) 

= ((i:p(K,) o dp - dp o i{Vo) o dp)?]) (T4, ^2) . 

The last term in the right hand side may be transformed, by using again Prop- 
erty 1: 

dp o i{Vo) o dp{T]) = dp o Lp{Vo)rj - dp o dp(i(Vo)»7) 
= dpoLp{Vo)f], 

since, as i{Vo)rj G 0"(M, _E), we have dp o dp(i{Vo)ri) — 0. So we obtain 
{dp o dpr^){Vo,Vi,V2) = ((i:p(T^o) o dp - dp o i:p(K,))r/) (^1,^2) • 
But Property 3 shows that 

i^piVo) odp - dpoLp{Vo))r] = 0, 

so we have 

(dpodpr7)(T/o,yi,y2)=0, 

and our proof is complete. D 

4.3 Defining a Lie algebroid by properties of its dual 

Let {E, T, M) be a vector bundle and {E*,tt, M) its dual bundle. We have seen 
in 4.2 that when {E, r, M) has a Lie algebroid structure whose anchor is denoted 
by p, this structure determines, on the graded algebra ^{M, E) of sections of the 
exterior powers of the dual bundle {E* ,Tr, M), a graded derivation dp, of degree 
1, which satisfies d^ ^ dpO dp = 0. Now we are going to prove a converse of this 
property: when a graded derivation of degree 1, whose square vanishes, is given 
on il.{M, E), it determines a Lie algebroid structure on {E, r, M). This property 
will be used later to prove that the cotangent bundle of a Poisson manifold has 
a natural Lie algebroid structure. 

We will need the following lemmas. 
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4.3.1 Lemma. Let {E,t,M) he a vector bundle and {E*,n,M) its dual bun- 
dle. Let d be a graded derivation of degree 1 of the exterior algebra i^{M,E) 
(notations defined in 3.2.4). For each pair {X, Y) of smooth sections of{E, t, M) 
there exists a unique smooth section [X,Y]s of {E,t,M), called the S-bracket 
of X and Y, such that 

z{[X,Y]s)^[[z{X),6],z{Y)]. 

Proof: 

The map defined by the right hand side of the above equahty, 

D:rj^D{r^)^[[z{X),d],i{Y)] 

is a derivation of degree —1 of il.{M, E), since it is obtained by repeated apph- 
cation of the graded bracket to derivations (property 3.1.6 (ii)). Therefore, it 
vanishes on n°{M, E) = C°°{M, R). As a consequence, that map is C'°°{M, R)- 
hnear; we have indeed, for each / e C°°{M, R) and rj e Q{M, R), 

D{.fv) = D{f) Av + .fDiv) = fD{T]) . 

Therefore, there exists a unique smooth section [X, y]^ of (E,t,M) such that, 
for each 77 e n'^{M,E), 

{r^,[X,Y]s)=Di^). 

Now the maps 

i{[X,Y]s) and [[*(X), 5],^(y)] 

are both derivations of degree —1 of n{M, E), which coincide on f7"(Af, E) and 
i^^{M,E). Since derivations are local, and since n{M,E) is locally generated 
by its elements of degrees and 1, these two derivations are equal. D 

4.3.2 Lemma. Under the same assumptions as those of Lemma 4.3.1, let us 
set, for each smooth section X of (E, t, M), 

LsiX)=[t{X),S]. 

Then, for each smooth section X of (E, r, M), we have 

[i:siX),5] = [i{X),5^]; 

for each pair (X, Y) of smooth sections of (E, r, M), we have 

[i:s{X),Ls{Y)]-i:s{[X,Y]s) - [[i{X),5^],i{Y) 

and, for each triple {X, Y, Z) of smooth sections of (E, t, M), we have 

i([X,[Y,Z]s],+ [Y,[Z,X]s],+ [Z,[X,Y]s],)^ \[[i{X),5^],t{Y)],i{Z) 



Proof: 

Let us use the graded Jacobi identity. We may write 

[lisiX),S] - [HX),S],S] - -[[S,S],ziX)] - [[S,ziX)],S] . 
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Since [d, 6] — 26^, we obtain 

2[i:s{X),5]=-2[S^i{X)]^2[t{X),S^], 

which proves the first equaHty. Similarly, by using again the graded Jacobi 
identity and the equality just proven, 

[Ls{X),i:s{Y)] ^[Zs{X),[z{Y),5]] 

= -[z{Y),[S,iis{X)]] + [S,[Ls{X),z{Y)]] 

^-[[<5,i:,(x)],z(y)] + [[i:,(x),z(y)],<5] 

^ [[Ls{X),S],z{Y)] + [t{[X,Y]s),S] 
= [[i{X),S%z{Y)] + iis{[X,Y]s) . 

The second formula is proven. Finally, 



2i^[X,[Y,Z]s],) ^ [Ls{X),2{[Y,Z]s)] 

= [fis{X),[Jis{Y),z{Z)]] 

^-[i:s{Y),[t{Z),Ls(X)]] - [z{Z),[Ls(X),Ls(Y)]] 
= [fis{Y),[Ls{X),z{Z)]] - [t{Z),lis{[X,Y]s)] 

- '^iZ),[[^iX),5%^{Y)]\ 

^i{[Y,[X,Z]s],)+i{[[X,Y]s,Z]^) 



[[^{X),5%^iY)],^{Z) 



The proof is complete. 
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4.3.3 Theorem. Let {E,t,M) be a vector bundle and {E*,tt,M) its dual 
bundle. Let 6 be a graded derivation of degree 1 of the exterior algebra il{M, E) 
(notations defined in 3.2.4), which satisRes 

5^ =5oS = 0. 

Then S determines a natural Lie algebroid structure on {E,t,M). For that 
structure, the anchor map p : E ^ TM is the unique vector bundle map such 
that, for each smooth section X of {E, r, M) and each function f G C°°{M, R), 

i{poX)df^{Sf,X). 

The bracket {X,Y) i-^ {X,Y} is the S-bracket defined in Lemma 4.3.1; it is 
such that, for each pair {X, Y) of smooth sections of [E, r, M), 

^{{X,Y})^[[^{X),5],^{Y)\. 

The Lo{M, E)-valued exterior derivative associated to that Lie algebroid struc- 
ture (propositions 4.2.1 and 4.2.3) is the given derivation 6. 

Proof: 

Since S^ — 0, lemmas 4.3.1 and 4.3.2 prove that the (5-bracket satisfies the 
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Jacobi identity. Let X and Y be two smooth sections of [E, r, M) and / a 
smooth function on M . By using the definition of the (5-bracket we obtain 

i{\X,fY]s) = Ii{[X,Y],) + {Ls{X)f) i{Y) . 

But 

iis{X)f=[z{X),5\f = {5f,X), 

since i{X)f — 0. We must prove now that the value of 6{f) at any point x G M 
depends only on the value of the differential df of / at that point. We first 
observe that S being a derivation, the values of 6{f) in some open subset U of 
M depend only on the values of / in that open subset. Moreover, we have 

^(1 /) - S{f) - <5(1) / + 1 S{f) = 6{1) / + 5{f) , 

which proves that d vanishes on constants. 

Let a £ M. We use a chart of M whose domain U contains a, and whose 
local coordinates are denoted by {x^, . . . , x"). In order to calculate d{f){a), the 
above remarks allow us to work in that chart. We may write 

" ■ df 

/(x) = /(a) + ^(x* -a')i^i(x), with liin (pi{x) ^ —{a) . 

i—l 

Therefore, 

('5/)(a)=X^g(a)<5(x')(a). 

i—l 

We have proven that S{f){a) depends only on df{a), and that we may write 

where *p5 : T*M -^ E* is a, smooth vector bundle map. Let ps : E ^ TM be 
its transpose. We may now write 

[X, fY]s = f[X, Y]s + {df, PS o X)Y . 

This proves that the vector bundle {E, r, M), with the (5-bracket and the map ps 
as anchor, is a Lie algebroid. Finally, by using Propositions 4.2.1 and 4.2.2, we 
see that the rt{M, iJ)-valued exterior derivative associated to that Lie algeboid 
structure is the derivation S. D 

4.4 The Schouten-Nijenhuis bracket 

In this subsection {E, r, M, p) is a Lie algebroid. We have seen (Propositions 
4.1.4 and 4.1.6) that the composition law wich associates, to each pair (V, W) of 
sections of the Lie algebroid {E, r, M, p), the bracket {V, W}, extends into a map 
{V,P) ^ ^p{V)P, defined on A^{M,E) x AiM,E), with values in AiM,E). 
Theorem 4.4.3 below will show that this map extends, in a very natural way, 
into a composition law {P,Q) i-^ [P-.Q], defined on A{M,E) x A{M,E), with 
values in A{AI,E), called the Schouten-Nijenhuis bracket. That bracket was 
discovered by Schouten [21] for multivectors on a manifold, and its properties 
were further studied by Nijenhuis [22] • 

The following lemmas will be used in the proof of Theorem 4.4.3. 
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4.4.1 Lemma. Let (E, t, M, p) he a Lie algebroid, p and q e Z, P e Ap{M, E), 
Q e A'i(M,E), f e C°°(M,R) and rj e n{M,E). Then 

i{P) {df A i{Q)v) - {-Ifdf A {i{P) o z{Q)t^) 

+ (_l)(p-ikj(g)oj(p)(d/A77) 
+ (-l)(P-^)''+Pz(g)(d/Az(P)r,) 
= 0. 

Proof: 

Let us denote by E{P, Q, /, rj) the left hand side of the above equahty. We have 
to prove that E{P, Q, /, 77) = 0. 

Obviously, E{P, Q, f,rj) ~ when p < 0, as well as when q < 0. When 
p ~ q ~ 0, we have 

E{P, QJ,'n)^PQd,f Arj-PQdf Ar]-QPdf Arj + QPdf A'n = 0. 

Now we proceed by induction on p and q, with the induction assumption that 
E{P, Q, f,il) = ^ when p < pm and q < qM, for some integers pm and qM- Let 
P = X AP', with X e A^M,E) and P' E AP"iM,E), Q e A«(M,^), with 
Q < ^M, / £ C°°(A'/, M) and 77 G r2(M, _E). We obtain, after some calculations, 

E{P,Q,f,T^)=E{XAP',Q,f,v) 

= {-l)PM+,-iE{P\QJ,i{X)r^) 
+ {-ir^'{df,X)t{P)ot{Q)r, 
- {-l)P'"'+P'""^{df, X)i{Q) o i{P)r] 
= 0, 

since, by the induction assumption, E(P',Q,f,i(X)ri) — 0. 

Since every P G AP'^'^^{M,E) is the sum of terms of the form X A P' , 
with X e A'^ (M, E) and P' e AP" (M, E), we see that E{P, Q, /, ry) == for aU 
P<PM + l,q< qm, P e Ap«+1(M, S) and Q G A«"(M, S). 

Moreover, P and Q play similar parts in E{P, Q, /, ry), since we have 

E{P,Q,f,r^) - i-l)P^+P+'^E{Q,P,f,r^). 

Therefore E{P, Q, f,T]) = for a^i P < Pm + I, q < qM + I, P e AP{M, E) and 
Q G j4*(M, _E). By induction we conclude that E{P, Q, /, rf) = Q for all p and 

qeZ, P G AP{M, E) and Q G ^«(M, S). D 

4.4.2 Lemma. Let (P, r, M, p) be a Lie algebroid, p, q and r G Z, P G 
AP{M, E),Q e A«(M, S) and R G A'~(M, S). Then 

z{R)o[[i{P),dpii{Q)\={-lYP+^~^>[[i{P),dpli{Q)\ ot{R). 

Proof: 

Let us first assume that R = V E A^ (M, E) . We may write 

liV) o [[^(P), dp], z(Q)] = i{V) o i{P) o dp o z{Q) 

^ {-l)Pt{V) o dp o i(P) o i{Q) 

^ {-1)(P-^)^(V) o i{Q) o t{P) O dp 

+ (-i)(p-i)9+Pi(y) o i{Q) odpo i{p) . 
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We transform the right hand side by pushing the operator i{V) towards the 
right, using the formulae (proven in 3.2.3 (v) and in Property 1 of 4.2.3) 

i{V)oi{P) = {-l)Pi{P)oi{V) and i{V) o dp = fip{V) - dp o i{V) . 

We obtain, after rearrangement of the terms, 

^(F)o[[^(P),rf,],^(Q)]=(-lf+^-l[[^(P),rf,],^(Q)]o^(T/) 

+ i-iri{P)oJip{V)ot{Q) 
^{-irZp{V)ot{P)ot{Q) 
_ (_l)(p-i)9+P+9,(g) o ^(P) o LpiV) 
+ i-iyP-^^'^+P+HiQ) o Lp{V) o t{P) . 

Now we transform the last four terms of the right hand side by pushing to the 
right the operator £jp{V), using formulae, proven in 3.2.3 (v) and in Property 4 
of 4.1.6, of the type 

i{P)oi{Q)^i{PAQ) and Lp{V) o i{P) ^ i{P) o iip{V) + i{Zp{V)P) . 

The terms containing Zp{V) become 

(-If i(p A Lp{V)Q + {Lp{V)P) AQ- Lp{V)(P A Q)) , 
so they vanish, by Property 3 of 4.1.6. So we have 

t{V)o[[z{P),dp],t{Q)] =(-l)(P+^-i)[[z(P),rfp],z(Q)]oj(F). 
Now let i? = Vi A • • • A T4 be a decomposable element in A'^{M, E). Since 

i{R) ^ i{Vi) O ■ ■ ■ O i{Vr) , 

by using r times the above result, we obtain 

*(i?)o [[^(P),d,],^(Q)] = (-l)(P+^-l)'■[[^(P),dp],^(Q)] oj(i?). 
Finally the same result holds for all R G A^'{M, E) by linearity. D 

4.4.3 Theorem. Let {E, t, M, p) he a Lie algebroid. Let p and g £ Z, and let 
P e AP{M,E),Q e A«(M, E). There exists a unique element in Ap+«-1(M, E), 
called the Schouten-Nijenhuis bracket of P and Q, and denoted by [P,Q], such 
that the interior product i([P,Q]], considered as a graded endomorphism of 
degree p + q — 1 of the exterior algebra n{M, E), is given by the formula 

z([P,Q]) = [[z(P),rfp],2(Q)], 

the brackets in the right hand side being the graded brackets of graded endo- 
morphism (Dehnition 3.1.3). 

Proof: 

We observe that for all r G Z, the map 

V^[[t{P),dp],z{Q)]f^, 
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defined on f7'"(M, E), with values in ^^ p ''+^(M, E), is R-linear. Let us prove 
that it is in fact C°°(M, R)-hnear. Let / G C°°(M,M). By developing the 
double graded bracket of endomorphisms, we obtain after some calculations 

[[z(P), dp], z(Q)] (/,?) = f[[ziP), dp], z(g)]r7 

+ i{P) {df A i(0)r/) - {-l)Pdf A (z(P) o i{Q)ri) 

+ (_l)(p-ik,(Q)oi(p)(rf/Ar7) 

+ (-l)(p-^)^+Pi(Q){df AiiP)T]) . 

Lemma 4.4.1 shows that the sum of the last four terms of the right hand side 
vanishes, so we obtain 

[[^(P),dp],^(Q)](/r7)-/[[^(P),dp],^(Q)]r;. 

Let us take r = p + q-l, and rj E f^P+«"i (M, E). The map 

r;^[[^(P),dp],^(Q)]r7, 

defined on nP+i-\M,E), takes its values in n°{M,E) = C°°{M,R), and 
is C°°(M, ]R)-linear. This proves the existence of a unique element [P,Q] in 
nP+'i-^{M,E) such that, for all r] e Qp+i-^ {M , E) , 

[[i{P),dplt{Q)]rj^t{[P,Q])r,. 

We still have to prove that the same formula holds for all r G Z and all 77 G 
il.'^{M,E). The formula holds trivially when r < p + q — 1, so let us assume 
that r > p + q-1. Let r/ G 9J'{M,E) and R G A'-P-9+i(M, P). By using 
Lemma 4.4.2, we may write 

z(P)o [[»(P),dp],z(Q)](r;) ^ {-lYP+^-')^^-P-^+'^[[i{P),d,],i{Q)\{i{R)ri) 

^ (_l)(p+9-l)(r-p-9+l),([p^ Q]) (,(i?)^) ^ 

since i(P)?7 G f7P+«-i(P). Therefore 

z(P)o [[^(P),rfp],^(Q)](r,) = (-l)(P+''-i)('-P-''+i)z([P, Q]) o z(P),?) 

= i{R)oz(\P,Q])n. 

Since that equahty holds for aU 77 G 0''(M, E) and aU P G A'-P-'^+^{M, E), we 
may conclude that 

[[*(P),dp],z(Q)] -*([P,0]), 

and the proof is complete. D 

In Proposition 4.1.1, we introduced the Lie derivative with respect to a 
section of the Lie algebroid {E,t,M, p). Now we define, for all p G Z and 
P G AP{M, E), the Lie derivative with respect to P. The reader will observe that 
Property 1 of Proposition 4.2.3 shows that for p = 1, the following definition is 
in agreement with the definition of the Lie derivative with respect to an element 
in A^{M,E) given in 4.1.1. 

4.4.4 Definition. Let (P, t, M, p) be a Lie algebroid, p e Z and P e Ap{M, E). 
The Lie derivative with respect to P is the graded cndomorphism offl{M,P), 
of degree 1 — p, denoted by Lp{P), 

Zp{P) = [^(P), dp] - ^(P) o dp - {-l)Pdp o i{P) . 
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4.4.5 Remark. Under the assumptions of Theorem 4.4.3, the above Definition 
allows us to write 

i{\P, Q]) = [Lp{P),i{Q)\ = Lp{P) o ^(Q) - {-l)^P-^^H{Q) o Lp{P) . 

For p = 1 and P = V ^ A^{M, E), this formula is simply Property 4 of Propo- 
sition 4.1.6, as shown by the following Proposition. 

4.4.6 Proposition. Under the assumptions of Theorem 4.4.3, let p ~ 1, P ~ 
V e A^{M,E) and Q e A'J{M,E). The Schouten-Nijenhuis bracket [V,Q] is 
simply the Lie derivative ofQ with respect to V , as defined in Proposition 4.1.5: 

[V,Q]=Lp{V)Q. 

Proof: 

As seen in Remark 4.4.5, we may write 

i{[V, Q]) ^ [Cp{V), z(g)] = HpiV) o i{Q) - i{Q) o Lp{V) . 
Property 4 of Proposition 4.1.6 shows that 

i{Lp{V)Q) = fip{V) o i{Q) - z{Q) o LpiV) . 
Therefore, 



i{[V,Q])=t{Lp{V)Q) 



and finally 



[V,Q]^Lp{V)Q, 
which ends the proof. D 

4.4.7 Remarks. 

(i) The Lie derivative of elements in Ap{M,E). One may think to extend 
the range of application of the Lie derivative with respect to a multivector 
P e AP{M, E) by setting, for aU q e Z and Q e ^^(M, E), 

Lp{P)Q = [P,Q], 

the bracket in the right hand side being the Schouten-Nijenhuis bracket. How- 
ever, we will avoid the use of that notation because it may lead to confusions: 
for p > 1, P e AP{M,E), g = and Q = / e A°{M,E) = C°°(M,R), the 
Schouten-Nijenhuis bracket [P, f] is an element in Ap~^{M,E) which does not 
vanish in general. But / can be considered also as an element in i7''(M, E), and 
the Lie derivative of / with respect to P, in the sense of Definition 4.4.4, is an 
element in V,^'-p^^\M,E), therefore vanishes identically. So it would not be a 
good idea to write Lp{P)f — [P, /]. 

(ii) Lie derivatives and derivations. We have seen (Property 3 of 4.1.4) that 
the Lie derivative ^p{V) with respect to a section V G A^{M, R) of the Lie alge- 
broid {E, r, M, p) is a derivation of degree of the exterior algebra VL{M, E) . For 
p > 1 and P G AP{M,E), the Lie derivative ^p{P) is a graded endomorphism 
of degree —{p — 1) of il{M,E). Therefore, it vanishes identically on f7"(M, _E) 
and on i^^{M,E). Unless it vanishes identically, fip{P) is not a derivation of 

n{M,E). 
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4.4.8 Proposition. Let {E, r, M, p) he a Lie algcbroid, p and q <E Z,, P E 
AP{M,E), QeA^iM^E). 

1. The graded hracket of the Lie derivative £<p(P) and the exterior differen- 
tial dp vanishes identically: 

[iip{P),dp] = Lp(P) o dp - i-lf-^dp o Lp{P) = . 

2. The graded bracket of the Lie derivatives iip(P) and ^p{Q) is equal to 
the Lie derivative Lp([P, Q]) : 

[Lp{P), Lp{Q)] =. ZpiP) o ZpiQ) - (-l)(P-i)(''-i)i:p(Q) o Jip{P) = Jip{[P, Q]) . 

Proof: 

1. We have seen (3.1.8 (ii)) that the space of graded endomorphisms oin{M, E), 
with the graded bracket as composition law, is a graded Lie algebra. By using 
the graded Jacobi identity, we may write 

{-ir[[i{p),dp],dp] + {-ir[[dp,dp],i{p)] - [[dp,i{p)],dp] =0. 

But 

[dp,dp]^2dpodp^0 and [i{P),dp]=-{-l)P[dp,i{P)]. 

So we obtain 

2[[i{P),dp],dp] ^2[Jip{P),dp] =0. 

2. We have 

iip{[P,Q]) - [i{[P,Q]),dp] = [[i:p{P),z{Q)],dp] . 

Using the graded Jacobi identity, we may write 

(-ir 1 [[LpiP), ^iQ)],dp] + (-l)«(P-i) [[^iQ),dp],LpiP)] 

+ {-iy[[dp,Lp{P)],t{Q)] =0. 

But, according to 4.4.4 and Property 1 above, 

[i{Q),dp] = LpiQ) and [dp, Lp{P)\ = . 

So we obtain 

£^([^,0]) = -(-i)(^-i)(^-i)[i:p(g),i:p(p)] = [i:piP),ZpiQ)] , 

as announced. D 

4.4.9 Proposition. Under the same assumptions as those of Theorem 4.4.3, 
the Schouten-Nijenhuis bracket has the following properties. 

1. For f and g e A°{M, E) ^ C°°(M,R), 

[/,.9]=0. 

2. For V e A\M, E),qeZ and Q e A«(M, E), 

[V,Q]^Lp{V)Q. 
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3. For V andW e A^{M, E), 

[V, w] = {y, w} , 

the bracket in the right hand side being the Lie algebroid bracket. 

4. For all p and q € Z, P € Ap{M, E), Q € A«(M, E), 

[p,0] = -(-i)(p-i)(«-i)[0,p]. 

5. Let p eZ, P e AP{M, E). The map Q ^ [P, Q] is a derivation of degree 
p—1 of the graded exterior algebra A(M, E). In other words, for qi and q2 G Z, 

Qi e A91 (M, E) and Q2 G A"^ (M, E), 

[P, Oi A O2] - [P, Qi] A O2 + (-l)(P-i)«^Qi A [P, O2] . 

6. Let p, q and r e Z, P e Ap{M,E), Q G A'i{M,E) and R G A''{M,E). 
The Schouten-Nijenhuis bracket satisfies the graded Jacobi identity: 

(_1)(P-1)('-1) Qp^ Q]^ p] + (_1)(9-1)(P-1) [[Q^ p]^ p] 

+ (_l)(-l)(9-l)[[p^p]^Q] 

= 0. 

Proof: 

1. Let / and g G ^°(M, E). Then [/, g] G A-^{M, E) = {0}, therefore [/, g] = 0. 

2. See Proposition 4.4.6. 

3. See Property 1 of Proposition 4.1.6. 

4. Let p and g G Z, P G Ap{M,E), Q G Ai{M,E). By using the graded 
Jacobi identity for graded endomorphisms of Q.{M, E), we may write 

{^lr[[^{P),dp],^{Q)]+{-lr[[d,,^{Q)],^{P)]+(-lr[[^{Q),^{P)],d,]^0. 
By using 

[i{Q),i{P)]=i{QAP)-iiQAP) = and [dp, z(g)] =-(-!)« [z(Q), dj , 
we obtain 

{-lr[[^{P),d,],^{Q)]+{-lr+'^-^[[^{Q),d,],^{P)]=0, 

so the resuh foUows immediately. 

5. Let p, qi and 92 G Z, P G Ap{M,E), Qi G Ai^{M,E) and Qz G 
A92 (M, P). We may write 

z([P,0iAQ2]) = [i:p(P),i(QiAQ2)] 
= i:p(P)oz(QiA02) 

_(_l)(p-i)(9i+92),(g^^Q2)„£^(p), 

We add and substract {—1)^p^^''''^ i{Qi) o £jp{P) oi(Qi) from the last expression, 
and replace i{Qi A Q2) by i((3i) o i{Q2). We obtain 

*([p,Qi AQs]) = [i:p(P),z(gi)] o»(g2) + (-i)(p-i)''ii(Qi) o [i:p(p),z(Q2)] . 
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The result follows immediately. 

6. Let p, q and r e Z, P e AP{M,E), Q G A'J{M,E) and R e A''{M,E). 
By using Property 2 of Proposition 4.4.8, we may write 

i{[[P,Q],R]) ^ [i:p{[P,Q]),i{R)] 

= [[Ji,{P),L,{Q)],i{R)]. 

Using the graded Jacobi identity, we obtain 

(-l)(p-l)'■[[i:p(p),i:,(g)],^(i?)] + (-l)(«-l)(^-l)[[i:p(Q),^(i?)],i:p(p)] 

+ {-lr^'^-'^[[^{R),L,{P)],L,{Q)]^0. 
But 

[[L,{Q),z{R)],Z,{P)] = [z([Q,i?]),i:p(P)] 

= -(-l)(^+'-i)(P-i)[i:,(P),z([Q,i?])] 

= i-ir-'z{[[Q,R],P]). 
Similarly, 

[[t{R),Z,{P)],Lp{Q)] ^ -(-l)(p-i)'- [[Lp{P),z{R)],Lp{Q)] 

^ (_l)(p-l)r+(p+r-l)(9-l) [Zp{Q),l{[P,R])] 

= -{-l)P+H{[[R,PlQ]). 
Using the above equalities, we obtain 

= 0. 
The proof is complete. D 

4.4.10 Remarks. Let {E,t, M,p) be a Lie algebroid. 

(i) Degrees for the two algebra structures of A(M,E). The exterior algebra 
A{M, E) = ®p(iiAP{M, E) of sections of the exterior powers (/\^ E, t, M), with 
the exterior product as composition law, is a graded associative algebra; for 
that structure, the space of homogeneous elements of degree p is Ap{M,E). 
Proposition 4.4.9 shows that A{M,E), with the Schoutcn-Nijenhuis bracket 
as composition law, is a graded Lie algebra; for that structure, the space of 
homogeneous elements of degree p is not Ap{M,E), but rather Ap~^^{M,E). 
For homogeneous elements in A{M, E), one should therefore make a distinction 
between the degree for the graded associative algebra structure and the degree 
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for the graded Lie algebra structure; an element in Ap{M,E) has degree p for 
the graded associative algebra structure, and degree p — 1 for the graded Lie 
algebra structure. 

(ii) The anchor as a graded Lie algebras homomorphism. The anchor p : E ^ 
TM allows us to associate to each smooth section X e A^{M,E) a smooth 
vector field p o X on M; according to Definition 2.1.1, that correspondence is 
a Lie algebras homomorphism. We can extend that map, for all p > 1, to the 
space AP{M,E) of smooth sections of the p-th external power {/\^ E,t,M). 
First, for a decomposable element Xi A • • • A Xp, with Xi £ A^{M, E), we set 

p o {Xi A ■ ■ ■ A Xp) = {p o Xi) A ■ ■ ■ A {p o Xp) . 

For p = 0, / e A"{M, E) = C°°{M, M), we set, as a convention, 

pof = f. 

Then we extend that correspondence to all elements in A{M, E) by C°°(Af, R)- 
linearity. The map P i-^ p o P obtained in that way is a homomorphism from 
A{M,E) into A{M,TM), both for their graded associative algebras structures 
(with the exterior products as composition laws) and their graded Lie algebras 
structures (with the Schouten-Nijenhuis brackets, associated to the Lie algebroid 
structure of (E, r, M, p) and to the Lie algebroid structure of the tangent bundle 
{TM, tm, M, idxAf ) as composition laws). 

In 5.2.2 (iii), we will see that when the Lie algebroid under consideration 
is the cotangent bundle to a Poisson manifold, the anchor map has still an 
additional property: it induces a cohomology anti-homomorphism. 



5 Poisson manifolds and Lie algebroids 

In this final section we will show that there exist very close links between Poisson 
manifolds and Lie algebroids. 

5.1 Poisson manifolds 

Poisson manifolds were introduced by A. Lichnerowicz in the very important 
paper [17:- Their importance was soon recognozed, and their properties were 
investigated in depth by A. Weinstein [53]. Let us recall briefly their definition 
and some of their properties. The reader is referred to [T71[2ni[lS] for the proofs 
of these properties. 

5.1.1 Definition. Let M be a smooth manifold. We assume that the space 
C°°{M,R) of smooth functions on M is endowed with a composition law, de- 
noted by {f,g) I— > {f,g}, for which C°°(M, R) is a Lie algebra, which moreover 
satisfies the Leibniz-type formula 

{f,9h} = {f,g}h + g{f,h}. 

We say that the structure defined on M by such a composition law is a Poisson 
structure, and that the manifold M , equipped with that structure, is a Poisson 
manifold. 
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The following Proposition is due to A. Lichnerowicz [17] . Independently, 
A. Kirillov lOJ introduced local Lie algebras (which include both Poisson mani- 
folds and Jacobi manifolds, which were introduced too by A. Lichnerowicz [T5] ) 
and obtained, without using the Schouten-Nijenhuis bracket, an equivalent re- 
sult and its generalization for Jacobi manifolds. 

5.1.2 Proposition. On a Poisson manifold M, there exists a unique smooth 
section A G A'^{AI,TM), called the Poisson bivector, which satisfies 

[A,A]=0, (*) 

such that for any f and g e C°°{M, R), 

{/,5} = A(d/,dg). (**) 

The bracket in the left hand side of (*) is the Schouten-Nijenhuis bracket of 
multivectors on M, for the canonical Lie algebroid structure of {TM,tm,M) 
(with idrM as anchor). 

Conversely, let A be a smooth section of A^{TM, M). We use formula (**) 
to define a composition law on C°°{M, R). The structure defined on M by that 
composition law is a Poisson structure if and only if A satishes formula (*). 

In what follows, we will denote by (M, A) a manifold M equipped with a 
Poisson structure whose Poisson bivector is A. 

5.2 The Lie algebroid structure on the cotangent bundle 
of a Poisson manifold 

The next theorem shows that the cotangent bundle of a Poisson manifold has a 
canonical structure of Lie algebroid. That property was discovered by Dazord 
and Sondaz [5J. 

5.2.1 Theorem. Let (M, A) be a Poisson manifold. There exists, on the cotan- 
gent bundle {T*M, tm, M), a canonical structure of Lie algebroid characterized 
by the following properties: 

- the bracket [77, C] of two sections rj and C of{T*M, tm, M), i.e., of two Pfaff 

forms on M , is given by the formula 

{[ri,C],X) = (,;, [A, iCX)]) - (C, [A, (r;,X)]) - [A,X]{^,C), 

where X is any smooth vector field on M; the bracket in the right hand 
side of that formula is the Schouten-Nijenhuis bracket of multivectors on 
M; 

- the anchor is the vector bundle map A" : T*M -^ TM such that, for each 

xG M,a and/] e T*M, 

{P,A^a) =A{a,P) ,. 
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Proof: 

We define a linear cndomorphism Sa of A{M,TM) by setting, for each P £ 

A{M,TM), 

(5a(P) = [A,P], 

where the bracket in the right hand side is the Schouten-Nijenhuis bracket of 
multivectors on M, i.e., the Schouten-Nijenhuis bracket for the canonical Lie 
algebroid structure of (TM,tm,M) (with idxM as anchor map). When P is in 
AP{M,TM), (5a (P) is in Ap+'^{M,TM), therefore Sa is homogeneous of degree 
1. For each P e Ap{M, TM) and Q e ^«(M, TM), we have 

5a{PAQ) = [K,PAQ] 

= [A,P]AO + (-lfPA[A,0] 
= (5A(P)Ag + PAr5A(Q). 

This proves that 5a is a graded derivation of degree 1 of the exterior algebra 
A{M,TM). 

Moreover, for each P £ Ap{M,TM) we obtain, by using the graded Jacobi 
identity, 

<5ao<5a(P)-[A,[A,P]] 

= (-ir-i[A,[P,A]]-[P,[A,A]] 
= -[A,[A,P]]-[P,[A,A]] 
= -<5aoJa(P)-[P,[A,A]1. 



Therefore 



2(5ao(5a(P) = -[P,[A,A]] =0, 



since [A, A] = 0. We have proven that the graded derivation 5a, of degree 1, 
satisfies 

5^= 5ao5a = 0. 

Now we observe that the tangent bundle {TM, tm, M) can be considered as the 
dual bundle of the cotangent bundle {T*M,tm,M). Therefore, we may apply 
Theorem 4.3.3, which shows that there exists on (T*M, tm, M) a Lie algebroid 
structure for which 5m is the associated derivation on the space Q{M,T*M) = 
A{M,TM) (with the notations defined in 3.2.4). That theorem also shows that 
the bracket of two smooth sections of {T*M, tm, M), i.e., of two Pfaff forms rj 
and C on M , is given by the formula, where X is any smooth vector field on M, 

{[v,C],X) = {f^,[A,{C,X)])-{C,[A,{v,X)])-[A,X]{f^,C). 

The anchor map p is such that, for each t] £ il^{M,TM) and each / £ 

C°°(M,R), 

i{pori)dJ = {ri,[A,f]) . 

The bracket which appears in the right hand sides of these two formulae is the 
Schouten-Nijenhuis bracket of multivectors on M . By using Theorem 4.4.3, we 
see that 

[A,/]=.-A«(d/). 
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Therefore, 

{df,porj) ^t{porj)df ^ {ij,~AHdf)) = (d/,A»(7y)). 
So we have p — AK D 

5.2.2 Remarks. Let (Af, A) be a Poisson manifold. 

(i) The bracket of forms of any degrees on M. Since, by Theorem 5.2.1, 
(T*M, tm, M, a") is a Lie algebroid, we can define a composition law in the 
space A{M,T*M) — Sl(Af, R) of smooth differential forms of all degrees on M: 
the Schouten-Nijenhuis bracket for the Lie algebroid structure of {T*M, tm, M), 
with a' as anchor. With that composition law, denoted by (r/, C) i-> [?7, C]: 
ri(M, R) is a graded Lie algebra. Observe that a form rj G fl^{M,M.), of de- 
gree p for the graded associative algebra structure whose composition law is the 
exterior product, has degree p — 1 for the graded Lie algebra structure. 

The bracket of differential forms on a Poisson manifold was first discovered 
for Pfaff forms by Magri and Morosi [H] . It is related to the Poisson bracket of 
functions by the formula 

[df,dg]^d{f,g}, with /andgeC°°(Af,R). 

That bracket was extended to forms of all degrees by Koszul 13 , and rediscov- 
ered, with the Lie algebroid structure of T*M, by Dazord and Sondaz [S]. 

(ii) The Lichnerowicz-Poisson cohomology. The derivation 5a, 

P ^ Sa{P) = [A, P] , Pe A{M, TM) , 

used in the proof of Theorem 5.2.1, was first introduced by A. Lichnerowicz 
[17j . who observed that it may be used to define a cohomology with elements 
in A{M, TM) as cochains. He began the study of that cohomology, often called 
the Poisson cohomology (but which should be called the Lichnerowicz-Poisson 
cohomology). The study of that cohomology was carried on by Vaisman |25j . 
Huebschmann [7j, Xu |29j and many other authors. 

(iii) The map A" as a cohomology anti-homomorphism. In 4.4.10 (ii), we have 
seen that the anchor map p of a Lie algebroid {E, r, M, p) yields a map P ^^ 
po P from A{M, E) into A{M, TM), which is both a homomorphism of graded 
associative algebras (the composition laws being the exterior products) and a 
homomorphism of graded Lie algebras (the composition laws being the Schouten 
brackets). When appHed to the Lie algebroid {T*M,tm,M,A^), that property 
shows that the map 77 1-^ A" o ry is a homomorphism from the space of differential 
forms rt{M, M.) into the space of multivectors A{M, M), both for their structures 
of graded associative algebras and their structures of graded Lie algebras. As 
observed by A. Lichnerowicz J17j . that map exchanges the exterior derivation d 
of differential forms and the derivation 6a of multivectors (with a sign change, 
under our sign conventions), in the following sense: for any rj G ^^(A^f, M), we 
have 

A«(d77) = -<5A(A«(77))--[A,A«(r/)]. 

That property is an easy consequence of the formula, valid for any smooth 
function / G C°°{M,M.), which can be derived from Theorem 4.4.3, 

A«(d/) = -[A,/]. 
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The map A" therefore induces an anti-honiomorphism from the Lichncrowicz- 
Poisson cohomofogy of the Poisson manifold (M, A) , into its De Rham cohomol- 

ogy- 

(iv) Lie hialgehroids . Given a Poisson manifold (M, A), we have Lie algebroid 
structures both on the tangent bundle {TM, tm, M) and on the cotangent bun- 
dle (T*M,TM,M), with idTM : TM -^ TM and A* : T*M -^ TM as their 
respective anchor maps. Moreover, these two Lie algebroid structures are com- 
patible in the following sense: the derivation Sa : P i-^ [A, P] of the graded 
associative algebra A{M, TM) (the composition law being the exterior product) 
determined by the Lie algebroid structure of (T*M, tm, M) is also a derivation 
for the graded Lie algebra structure of A{M, E) (the composition law being now 
the Schouten-Nijenhuis bracket). We have indeed, as an easy consequence of 
the graded Jacobi identity, for P e Ap{M,TM) and Q e A''{M,TM), 

<5a([P, Q]) = [A, [P, Q]) = [[A, P], Q] + (-1)^-1 [P, [A, Q]] 
^[dAP,Q] + i~ir-'[P,6AQ]. 

When two Lie algebroid structures on two vector bundles in duality satisfy such 
a compatibility condition, it is said that that pair of Lie algebroids is a Lie bial- 
gebroid. The very important notion of a Lie bialgebroid is dut to K. Mackenzie 
and P. Xu ^U\ . Its study was developed by Y. Kosmann-Schwarzbach [TT] and 
her student [2] and many other authors. Recently D. Iglesias and J.C. Marrero 
have introduced a generalization of that notion in relation with Jacobi manifolds 

m- 

5.3 The Poisson structure on the dual bundle of a Lie 
algebroid 

We will now prove that the total space of the dual bundle {E*tt, M) of a Lie 
algebroid [E, r, M, p) has a canonical Poisson structure. This result will allow 
us to recover well known results: 

- by taking as Lie algebroid the tangent bundle (TAf, tm, -M^, idrM) of a 
smooth manifold Af , we obtain on the cotangent bundle T*Af a Poisson struc- 
ture, which is the structure associated to its canonical symplectic structure; 

- by taking as Lie algebroid a finite-dimensional Lie algebra S (the base 
M being here reduced to a point) we recover, on its dual 9*, the canonical 
Lie-Poisson structure. 

We will need the following lemma. 

5.3.1 Lemma. Let {E,t,M, p) be a Lie algebroid and {E*,Tr,M) its dual 
bundle. To each smooth section X G A^{M, E), we associate a smooth function 
^x on E* by setting 

Let X e A^{M, E), f e C°°{M, M) and ^ e E* be such that 

d($x + /o^)(e) = o. 

Then we have 

X o 7r(0 = 
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and, for any smooth section Y G A^(M, E), 

<i>lx,Y}{0^{df,poY)o7r{0. 

Proof: 

Since d{^x + f °''^)iO = we have, for any vector W G T^E* , 

{d<Px{0,W) ^ -{df{7r{0),T^7riW)) . (*) 

Let us first assume that W is vertical, i.e., that T^tt{W) — 0. Then W can be 
identified with an element of 7r~"'^(7r(^)), and 7r(^ + sW) — 7r(^) for all s G M. 
Therefore, 

= {W,Xo7r{0) 
= 0. 

Since that last equality holds for all W G 7r^^(7r(^)), we have X o 7r(^) — 0. 

Let (si, . . . , Sfc) be a family of smooth sections of r defined on an open subset 
U C M, with 7r(^) G U, such that, for each y £ U, {si{y), . . . , Sk{y)) is a basis 
of the fibre T^^{y). We have on U 



x^j2^ 



k 
i=l 



where the X"^ are smooth functions on U which satisfy Xi o 7r(^) = 0. Then we 
have, for all 77 G tt^^{U), 

k 

'^xiv) ^^X'o 7r(?7)(?7, s, o tt{i])) . 

i=l 

Let us now consider a vector W G T^E*, which may not be vertical, and a 
smooth curve s h^ 77(5) in E* such that 77(0) = ^ and — ?7(s)|s=o — W . We have 

k 

k 
i=l 

Since Xi o 7r(^) = 0, the last terms vanish, so we obtain 

fe 
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Comparing Equation (*) with that last equation, we obtain 

k 

Since that equality holds for all W G T^E*, we have 

k 
df ° TTiO - - J2(^, S, O TT{0)d{X^ O 7r)(e) . (**) 



Now, for any smooth section Y G A^{M,E), we have on U 

k k 

{X, n - E ^'i*- ^} - E<^^'"° ° ^)^^ • 

i=l i=l 

Since X' o 7r(^) — 0, we obtain 

k 
i=l 

From Equation (**) and that last equation, we finally obtain 

'^{x^Y}{0^{df,poY)o7T{0 

and our proof is complete. D 

5.3.2 Theorem. Let {E,T,M,p) be a Lie algebroid and {E*,tt,M) its dual 
bundle. To each smooth section X G A^{M, E), we associate a smooth function 
$x on E* by setting 

There exists on E* a unique Poisson structure such that, for each pair (X, Y) 
of smooth sections of r, 

{$x,$y} = 3>{x,y}, 

the bracket in the left hand side being the Poisson bracket of functions on E* , 
and the bracket in the right hand side the bracket of sections of the Lie algebroid 

iE,T,M,p). 

Proof: 

If such a Poisson structure exists, it must be such that for any X G A^{M, E), 
/ andgG C°°(M,R), 

{^x,9 on} = {Z{po X)g) o tt , {/ o tt, g o tt} = . 

These identities are consequences of the property of the Lie algebroid bracket: 

{/X, gY} = fg{X, Y) + {fZ{p o X)g)Y - {gL{p o Y)f)X , 

which implies 

'^{fx.gY} = if 9 o 7r)${x,y} + {.f^P ° X)g) o tt $y - {gL{p o Y)f) o tt $x ■ 
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Now we observe that for any ^ e E* , rji and 772 G T^E*, there exist (non 
unique) pairs {Xi,fi) and {X2,f2), with Xi and X2 G A^(M, _E), /i and /2 G 
C°°(M,R), such that 

771 = d($xi + /i o 7r)(0 , ?72 = d($X2 + /2 o 7r)(e) . 
The Poisson bivector A on E* is therefore given by the equation 

A(C)(»7i,'?2) = {$Xi +/i0 7r,$x2 +/2O7r}(0 

= *{Xi,x.}(0 + {^{P o X^)h) o ^(0 - (i:(p o X2)/i) o ^(0 . 

This proves that if such a Poisson structure exists, it is unique. In order to 
prove its existence we still have to check that the right hand side of the above 
formula depends only on 771 and 772 , not on the particular choices we have made 
for (Xi, /i) and {X2, /2)- Since that member depends bilinearly on {Xi, /i) and 
(-'^2,/2) and is skew-symmetric, it is enough to prove that if Xi G A^{M,E) 
and /i G C°°(M,]R) are such that 

then for any X2 G A^{M,E) and /a G C°°(M,M), 

^{x^,x,}{i) + mpoX,)f2)o7r{0 - {L{poX2)h)oTr{0 - 0. 

But that equality follows immediately from Lemma 5.3.1. We have proven the 
existence of the bivector A, and the formula used for its definition proves that 
it is smooth. 

Finally, we observe that the Poisson bracket defined by means of A, when 
restricted to functions on E* of the type $x + / ° tt, with X G A^{M, E) and 
/ G C°°(M, R), satisfies the Jacobi identity. Therefore, for any £_ G E* , 771, 
ri2 and 7^3 G T?E* which are the differentials, at ^, of functions of the type 
^x + / o TT, the Schouten bracket [A, A] satisfies [A, A] (^) (771, 772, 7/3) = 0. Since 
all elements in T?E* are differentials, at ^, of functions of the type <I>x + /o7r, we 
have proven the [A, A] vanishes identically, in other words, that A is a Poisson 
bivector. D 

5.3.3 Proposition. Let (E, r, M, p) be a Lie algebroid and {E* ,11, M) its dual 
bundle. The Poisson structure on E* deGned in Theorem 5.3.2 has the following 
properties: 

1 . For any X e A^ (M, E) , f and g G C°° (M, M) , 

{$X, ff O Tt} ==(£(/? O X)g) OTT, {foTT,gOTT}^0, 

where ^x is the smooth function on M associated to the smooth section X as 
indicated in Theorem 5.3.2. 

2. The transpose *p : T* M ^ E* of the anchor map p : E ^ TM is a Poisson 
map (the cotangent bundle being endowed with the Poisson structure associated 
to its canonical symplectic structure). 

3. The Poisson structure on E* is homogeneous with respect to the vector field 
Z which generates the homotheties in the fibres of{E*,TT, M), which means that 
its Poisson bivector A satisfies 

[Z, A] = -A . 
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Proof: 

We have proven Properties 1 in the proof of Theorem 5.3.2. In order to prove 
Property 2, we must prove that for all pairs {hi, /12) of smooth functions on E* , 

{hio *p, ft.20 *p} == {hi,h2}o *p, 

the bracket in the left hand side being the Poisson bracket of functions on T*M, 
and the bracket in the right hand side the Poisson bracket of functions on E* . 
It is enough to check that property when hi and ft.2 are of the type $x , where 
X G A'^{M, E), or of the type / o tt, with / e C°°{M, K), since the differentials 
of functions of these two types generate T*E* . For hi = $x and /i2 = *&y, with 
X and y e Ai(Af, E), and C e T*M, we have 

{$x, «'f} o *p(C) = ^{x,Y} o */o(C) 

^{C,po{X,Y}oTMiC) 

= {CdP°X,poY]oTM{C), 

since the canonical projection tm '■ T*M — > M satisfies n o *p = tm- But let us 
recall a well known property of the Poisson bracket of functions on T*M f[16j. 
exercise 17.5 page 182). To any vector field X on M, we associate the function 
*- on T*M by setting, for each ( e T*M, 

*^(C) = (C,^°TA/(C)). 

Then, for any pair {X, Y) of vector fields on M, 

jvl;^ vj/^l = -qi 

I X' yJ lx,Y]' 

By using tm = tt o *p, we easily see that for each X ^ A^ {M, E) , 

Returning to our pair of sections X and Y E A^{M, E), we see that 

{^x,^y} o *p(C) = ^ipox.p.Y]iC) - {*pox,*poY}(C) = {$x ° *P,$y ° 'p}(C) • 

Now for hi = $x and /12 = / o tt, with X e ^^(M, .E) and / e C°°(M, R), we 
have 

{^x o *p, / o TT o *p} = {*poX, / o tm} 

^ L{poX)f OTM 

= L{poX)foTro *p 
= {$X,/ovr}o *p. 

Similarly, for hi — f o tt and h2 — g o n, we have 

{/ O TT, g O tt} O *p = = {/ O TAf , 5 O Tm} = {/ O TT O *p, 5 O TT O *p} . 

Property 2 is proven. Let us now prove Property 3. The vector field Z on the 
vector bundle {E*,7r,M) generates the homotheties in the fibres, therefore its 
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reduced flow is (t,^) ^^ -fft(C) = e*^, with t e K, ^ e _E*. For any smooth 
section X e A^{M, E) and any t G M, we have 

Therefore, for X and F e A^M, E), 

H*{A{d<i>x,d'^Y)) ={$x,*y}oi?t = ${x.y}°^t = e*${x,y} • 

But we may also write 

H:{A{d^x,d<i>Y)) = {H;K){Htd<^x,H*d<^Y) = e2*(ij;A)(d$x,d$y) 

Since the differentials of functions of the type ^x generate T*E, except along 
its zero section, this result proves that, except maybe along the zero section, we 
have 

By continuity, hat equality holds everywhere. Finally, 

and our proof is complete. D 
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